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SHINING STARS'

SAQ star ouesTIoNS PLUS

RELATIONS & FUNCTIONS

. x+1,if xisodd,
Show that f : N —» N, given f(X) = o is both one-one and onto.
x—1,if xiseven

Case i: When x is odd we have f(x) =x+1 . Letus take x=1,3,5,....
=f(1)=1+1=2; f(3)=3+1=4; {(5)=5+1=6;
. We have (1,2), (3,4), (5,6),....ef........ (1)
Case ii: When x is even we have f(x)=x—1. Let us take x=2,4,6,....
= f(2) =2-1=1; f(4)=4-1=3; { (6) =6-1=5
. We have (2,1), (4,3), (6,5),....ef ........ 2)
From (1) & (2) we have f= {(1,2), (2,1), (3,4), (4,3), (5,6), (6,5),....}....(3)
From (3), it is clear that distinct elements in the domain N have the distinct images.
.~.fis one-one.

Also all the elements {1,2,3,....} in the Codomain N have pre-images in domain N.

-.fis onto.

Sol:

+
”—;,if nisodd
Let f: N > N be defined by f(n) = forallneN
E,if niseven
State whether the function f is bijective. Justify your answer.

n+1
Case i: For odd n=1,3,5,.... we have f(n)=——

2
1@ =1i21=l'f (€ =3%1= 2f(95) =5%1=3; = = {(1,1), (3,2), (5,3)yce-}rerrrres (1)

n
Case ii: For even n=2,4.6,.... we have f(n) =§

~ 12 =§=l‘f (4) =g= 2,f(6) =g=3; = = {(2,1), (4,2), (6,3)cc-} e )
From (1) and (2) we get = {(1,1), (2,1),(3,2), (4,2),(5,3),(6,3),....}..c....... (3)

a) From (3), we have f(1)=1 and f(2)=1

Thus distinct elements 1,2 of the domain N have the same image 1. ...f'is not one-one
b) From (3) the range set= { 1,1,2,2,3,3,.....}= {1,2,3,....}

—=Range of f= {1,2,3,.....}= codomain N -.fis onto.

..fis onto but not one-one . Hence, f is not a bijective function.
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Let A=R - {3} and B =R — {1}. Consider the function f : A — B defined by f(x) = [X—3]
X -

Is f one-one and onto? Justify your answer.
Given that f : A — B isdefinedas f (x)= ( ]for A=R-{3},B=R-{1}

-2 X2 2
X1—3 X2 -3

= X4X7 —3X; —2Xp + B = XyX5 —3Xp - 2x1+)6'

= —3X1 —2Xp =—3X5 —2X; = 3X1 — 2X1 =3Xp —2Xy = X =X, .. fis one-one.

a) Take xq,x,e A suchthat f(x;) = f(xz)z = (X1 —2) (X2 —3) = (X5 —2)(x, —3)

b) Given that f(x)= X—g ..... (1). Put f(x)=y

X
_X=2 _ _2-3y
=Y=S 37X 2=xy-3y=x(1-y)=-3y+2=x= 1y exists V yeB=R-{1}

.. fis onto.

=i

1-y 2-3y-2+2y -y
(2—3y]_3 2-3y-3+3y -1
1-y

1-y y

Hence, given f(x) is one-one and onto.

2-3y
Justification: From (1), f(x)=f =

Sol:

Show that each of the relation R in the set A= {x € Z : 0 < x < 12}, given by
R = {(a, b): |]a — b| is a multiple of 4} is an equivalence relation. Find the set of
all elements related to 1. [BMP]
Giventhat A={xe Z:0<x<12}= A ={0,1,2,3/4,5,6,7,8,9,10,11,12}
R={(ab):|a—bjisamutiple of 4}
(1) (a,a)eRyacA. So,Ris reflexive. [ |a—a| =0and 0 isamultiple of 4]
(i) (a,b)e R=(b,a)e R. So, R is symmetric.

[ |a—blisamuitiple of 4= |-(a—b)|=|b—4glisalso amuitiple of 4]
(iii) (a,b)e Rand(b,c)e R=(a,c)e R So,Ris transitive.

[ --If |a—b|, |b—c| are multiples of 4 = (a—b),(b—c) are multiples of 4.

Now (a—c) = (a—b)+(b—c) is a multiple of 4 = |a—c| is a multiple of 4 ]

Thus, R is reflexive, symmetric, transitive. Hence, R is an equivalence relation.

Further, thesetof elementsrelatedtolis {1,5,9}
[1-1=0isamultipleof 4; [5-1=4isamultiple of 4., |9—1|=8isamultiple of 4

Sol:

Letf: {2,3,4,5} > {3,4,5,9} and g : {3, 4, 5, 9} —> {7, 11, 15} be functions defined
as f(2) =3,1(3) =4, f(4) =f(5) =5 and g (3) = g(4) = 7 and g(5) = g(9) = 11. Find gof.

We have gof (2) = g (f(2))=g(3)=7; gof3)= g(f(3) =g =7,

gof()=g(t@)=g(G)=11;  gof(5)=g () =1L
gof={(2,7),(3,7), (4,11), (5,11)}
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6. Prove thatcot™? (

et

INVERSE TRIGONOMETRIC FUNCTIONS

Ji1+sinx ++/1-sinx |_ x n
- : =—,Xe| 0,—
J1+sinx —+/1-sinx | 2 4

2
(\/1+sinx +\/1—sinx)
(by rationalizing the dr.)

Vi+sinx +v1-sinx |
J1+sinx —v/1-sinx

(\/1+sinx)2—(\/1—sinx)2

_ (1+ s )+ (1—M)+ 2\/(1TLsinx)(1—sinx) [0‘.1_’_ sl 200325]
(X +sinx)— (X —sinx) 2

,2’(1+\/1 sin x) L+ cosx_ ,2//92/{ ) t_

- Zsinx snx [-.-sinx=25inicosi]
,Zsm 5 2 2

LHS =cot™! \/1+s!nx+\/1—5fnx =cot Y cotX |=X=RH.S
J1+sinx —/1-sinx 2] 2

Sol:

7. Prove thattgn™!
V1+X++4/1-X

Nitx-vi-x E—lcos‘lx,—Lsxsl
4 2 J2

‘+1+c0s20 = 2cos2 0
1—c0s20 = 2sin® @

Let X=C0520 = 20=c0S X = e=%cos_1x....(l)

VI+x —1-x ]_ tan‘l( 1+ 0526 —+/1-cos20 ]

Now L.H.S —tan L[ 22 TN
(\/1+ X ++/1—X 1+ c0s20 ++/1—cos20

=tan

[ V2cos?0 —+/2sin20 [ N2cos6—+/2sin®
— tan _
\/200329+\/25in29 J2cos6++/2sin6

=tan ™t w T Ll [Dividing the Nr.& Dr.by cos6]
cosf+sind 1+tan®

=tan11-tan~! (tan e)=%— 0= g —%cos‘lsz.H.S [+ from (1)]
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MATRICES
8. Find the values of a, b, ¢ and d from the equation a-b 2a+c I
2a—b 3c+d 0 13

‘ a-b 2atc| [-1 5
Sol:  Given 2a—b 3c+d|”l 0 13

As the two matrices are equal, equating the corresponding elements, we get

a—b=-1.... (1) 2a—b=0......(2)
2at+c=5.... 3) 3c+d=13 ... 4)

From (2), b=2a

Putting this value in (1), >a—-2a= —1 = a=1 Hence, b=2

Puttinga=1in(3)=2(1)+c=5= c=3
Puttingc=3in (4)=33)+d=13=d=4
Thus,a=1,b=2,c=3andd=4

11 - 13
9. IfA=|2 0 3|B=|0 2andC=[; : S ‘14]
3 -1 2] |14

find A(BC), (AB)Cand show that (AB)C = A(BC)

1 1 -1][1 3] [1+0+1 3+2-4| [2 1
Sol: AB=|2 0 3|0 2|={2+0-3 6+0+12|=|-1 18

3 -1 2|-1 4| |3+0-2 9-2+8 1 15

2 1 1 2 3 -4 2+2 4+0 6-2 -8+1
(AB) (C) =[-1 18 [2 0 -2 1]= -1+36 -2+0 -3-36 4+18
1 15 1+30 2+0 3-30 -4+15

4 4 4 -7
={35 2 -39 22|..... )

31 2 -27 11

1 3 1 2 3 -4 1+6 240 3-6 -4+3 7 2 -3 -1
BC =|0 2[ :l: 0+4 0+0 0-4 O0+2|=|4 0 -4 2

20 -2 111 1,8 240 3-8 4+4| |7 -2 -11 8

14+0+21 4+0-6 -6+0-33 -2+0+24 35 -2 -39 22

7+4-7 2+0+2 -3-4+11 -1+2-8| [4 4 4 -7
= = (2
21-4+14 6+0-4 —9+4-22 -3-2+16| |31 2 -27 11

From (1) & (2), we have (AB)C=A (BC)
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PROBABILITY

10. An urn contains 10 black and 5 white balls. Two balls are drawn from the urn one

after the other without replacement. What is the probability that both drawn balls
are black?

Sol:  Let E and F denote the events that first and second ball drawn are black.
We have to find P (E N F) or P (EF).

10
P (black ball in first draw)=P (E) = E

Also given that the first ball drawn is black, i.e., event E has occurred, now there are 9 black
balls and five white balls left in the urn. So the probability that the second ball drawn is black,

given that the ball in the first draw is black, is nothing but the conditional probability of F

9
given that E has occurred. =~ P(FE) = 1

10 9 3
P(E nF)=P(E) P(FE)= EXE = 7 [By multiplication rule of probability]

11. If A and B are two independent events, then the probability of occurrence of at
least one of A and B is given by 1- P(A") P(B’)

Sol:  P(at least one of A and B) =P(A UB)
=P(A) +P(B)—P(A N B)
=P(A) + P(B) — P(A) P(B)
=P(A)+P(B) [1-P(A)]
=P(A) + P(B). P(A")
— |- P(A") + P(B) P(A")
= 1-P(A) [1-P(B)]
=1-P(A") P (B)
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CONTINUITY & DIFFERENTIABILITY
. . . - . 2x+3,if x<2
12. Find all points of discontinuity of f, where f is defined by f(x) = .
2x-3,if x>2
‘ ()= 2x+3,if x<2
Sol: Given function is '\*)= 2% — 3. if x>2

It is clear that the given function is defined at all the points of the real line.
Let ¢ be a point on the real line. Then, three cases arise. c<2, ¢>2, ¢=2
Case i: c<2

Here f(c)=2c¢+3. Then, Xl;tcf (x)= X':EC(ZX +3)=2c+3

s Lt f(x)=f(c)

Xo5C ..fis continuous at all points X, such that x <2 .

Case ii:c>2
Here f(c)=2¢-3.  Then, xlicf (x)= XI;tC(ZX -3)=2c-3

s Lt f(x)=f(c)

Xo5C .. fis continuous at all points x, such that x >2 .

Case iii:c=2

LHL= Lt f(x)= Lt (2x+3)=2(2)+3=7;

X—2— X—2—
RHL= Lt f(x)= Lt (2x-3)=2(2)-3=1. Here LH.L # RH.L
X—2+ X—2+

.-.f1is not continuous at x=2.

Thus, x=2 is the only point of discontinuity of f.
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. x+5, ifx<l . .
13. Is the function defined by f(x) = , a continuous function?
x-5, ifx>1
. .o X +5,if x<1
1: = !
So Given function isf (x) {X Bifx>1

The given function f'is defined at all the points of the real line.
Let ¢ be a point on the real line.
Case i:

If ¢ <1, then f(c)=c+5

Lt f(x)= Lt (x+5)=c+5 s Lt f(x)=f(c)
X—C

X—C X—C

.. fis continuous at all points x, such that x<1.
Case ii:
If c=1, then f(1)=1+5=6

LHL= Lt f(x)= Lt (x+5)=1+5=6
X—1—

X—1-
RHL= Lt f(x)= Lt (x-5)=1-5=-4 Here L.H.L # R.H.L
X—1+ X—1+

-.fis not continuous at x=1.
Case iii:
If ¢>1, then f(c)=c—5

Lt f(x)= Lt (x—-5)=c-5 s Lt f(x)=f(c)
X—C X—C

X—C

. fis continuous at all points x, such that x>1.

We observe that, x=1 is the only point of discontinuity of f.
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3, if0<x<1
14. Discuss the continuity of the function f, where fis defined by f(x) =14, if 1<x<3
5, if 3<x<10
3 ifo<x<1
Sol:  Thegiven functionis f (x)=<4, if 1<x<3
5, if3<x<10

The given function is defined at all the points of the interval [0,10] .
Let ¢ be a point in the interval [0,10].

Case i:
If 0< ¢ <1, then f(c)=3

Lt f(x)= Lt (3 =3 Lt F(x)=f ()
X—C X—C X—C

... fis continuous in the interval [0,1)
Case ii:
If c=1, then f(3)=3

X—1-

X—1—-
RHL= Lt f(x)= Lt (9=4 Here L.H.L # RI.L
X—1+ X—1+

. fis not continuous at x=1.

Case iii:
If 1<c<3, then f(c)= 4

Lt f(x)= Lt (4)=4 Lt f(x)=f(c)
X—C X—C X—C

.. fis continuous in the interval (1,3) .
Case iv:
If c=3, then f(c)=5

_ Lt f(X)= Lt (4)=4
LHL- LU (x) X_>&( )

RHL= Lt f(x)= Lt (5=5 Here L.H.L # R.H.L
X—3+ X—=3+

.. fis discontinuous at x=3.
Case v:
If 3<¢< 10, then f(c)=5
Lt f(x)= Lt (5)=5 o Lt f(x)=f (c)
X—C X—C X—C
.. fis continuous at all points of the interval (3,10]

Also fis discontinuous at x=1 and x=3 .
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15. Determine if f defined by f(x) = xS X Tx#0 is a continuous function?

0, if x=0

2.1 it 0
Sol:  Thegiven functionis f (x)={% N3 " X#
0,if x=0

The given function is defined at all the points of the real line.
Let ¢ be a point on the real line.
Case i:

If c#0,then f (c)=czsin}
c

Lt f(x)= Lt (xzsinl):( Lt XZI Lt sinl):czsin}

X—C X—C X X—C X—C X C

s Lt f(x)=f(c)

.. f'is continuous at all points x , such that x20 .
Case ii:

If ¢=0, then f(0)=0

2

2 2

We know that —1Ssin131x¢0 = -X“<X sinESX
X X

x—0 x—0 X x—0

= Lt (—xz)g Lt (xzsinl)g Lt x?

1 .1

—0< Lt [ x%sin= |<0= Lt [x?sn=|=0 .. Lt f(x)=0
x—0 X x—0 X x—0

.. fis continuous at x=0

Hence f is continuous at every point of the real line.

Thus, f'is a continuous function on R.
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16. Find the values of k, so that the function f is continuous at the indicated point
kcosx . n
, If x#&=
fx) =4 72X at x=—
3, if x=2
k cosx T
JAf x ==
Sol:  Thegiven function isf (x)={ T~ 2X 2
3if x=—

i T\
It is clear that f'is defined at X = E and f E =3

k cosx
T
From the given f(x) to be continuous at X =, we have Lt f(X)— Lnn 2%
2 x—7 X——
2 2
T T
Putx=5+h Thenxe§:>h—>0
K CoSX kcos| * +h
oLt f(x)— Lt ——=
N h*%_z(hh)
2 2 2

kLt —-sinh _ K Lt sinh

_k,_k
h—0 —2h  2h—0 h 27 2
k
o Lt f(x) f( ):——3=>k 6
(T 2 2

..the value of k=6.
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APPLICATION OF INTEGRALS

17.  Sketch the graph of y =|x+3/and eval uatef_c;|x + 3(dx.

[BMP]
X[—6]-5]-4[-3[-2]-1]0
Sol: Iy 13210 1]2]3 ]
y==(x+3) Y=x+3
forx <=3 (-6, 3) (0’3)gforx2—
(x+3)<0for—6<x<-3and(x+3)=0for—3<x<0
52  (-12 )
0 -3 0
w3 ax == (x+3)x+ [ (x+3)ix Can |
-6 -6 -3 ' )
-6 -5 —4 (_-330)_2 _1 |o
-3 r 0 :
2 2
=— X—+3x + X—+3x
2 2
—6 L -3

- _l[ng 3(-3) —[ng 3(—6)]} + [0—[g+ 3(—3)]] = —[—g] 4 [_2] =9 sq.units

2
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