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10(a) BASIC CONCEPTS OF UECTORS
, ‘

1) Scalars: Phsical quantities having only magnitude but no direction.

Ex: Length, mass, time, money, distance, speed, temperature, work,line segment, ...
2) Vectors: Physical quantities having both magnitude and direction.

Ex: Displacement, velocity, acceleration, force, momentum, directed line segment...
3.1) Geometrical representation of Vectors :

Vectors are represented by 'directed line segments' like AB,OP .
If the vector AB = 3 then

(i) A is called the initial point of the vector g

A

Q|

(i1) B is called the terminal point of the vector 3
(iii) The magnitude of 3 is the length AB.
(iv) The direction of g is from the initial point A to the terminal point B.

3.2) Analytical representation of Vectors:
Vectors in 3D space are represented analytically as a=(ay,a,,a3), T =(X.y,2) etc.,

4)  Position Vector(PV) of a point in Component form:

If P is a point in space then the position vector of P w.r.t O is Op

IfP(x,y,z) is a point and O(0,0,0) is the origin then OP=TF = x| + yT +7k. ”
where, i_,],E are the unit vectors along the positive x-axis, y-axis, z-axis.
5.1) Scalar components: If T =Xi +yj +zk then x,y,z are called scalar components of
Scalar components (d.r's) denote the projection of T on the X-axis, Y-axis, Z-axis.
5.2) Vector components : If T=xi +yj+2zk then xi,yj,zkare called vector components of .
Examples: OA =T +2] +3k;PQ=21 —=3] +4K; r=1i — juooo...
Note 1: If OP=T =Xi +Yj +2ZK then its magnitude is |OP | T |z /X2 +y? + 22
Note 2: Ifthe PV of a point Aw.r.t O is denoted by Zthen OA =a. It isalso written as A(a)
Note 3: The concept PV of a point relates every point in space to a vector and vice versa.
Note 4: Representation of 'a point' and a vector are interconvertible.

For example, point (2,3,4) is also expressed as 2i +3] +4k and vice-versa.

So ,while dealing the porblems with vectors first ensure whether the given entity is point or vector.

\. J
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6) Equality of vectors: Two vectors @, b are said to be equal, written as @ = b, if they have the
same magnitude and direction, regardless the position of the initial points.

Note 1:  If AB=CD then (i) ‘AT3‘ = ‘C_D‘ (Magnitudes are equal)

(i1) AB||CD (Same direction and same or parallel line of support)

- A B
A B C D

C D
Note 2: If g=(a;,a,,a;), b =(b;,b,,b;) then 3 =p < a;=a,, b;=b,, ¢,=c,
7)  Scalar Multiple: If a vector expressed in the form m3 is called a scalar multiple of 3.

Note 1 : If m>0 then the direction of m@ is same that of @ and
if m<O0 then the direction of m3@ is opposite that of a.
Note 2 : (i) m(ng )=(mn)3 (ii) (mtn)g=m3za+ngz (iii)m(g+p)=m3g+mp where m,ne R

8) Angle between two vectors: If g, are two non zero vectors such
thatOA=28 and OB=b then the measure of ZAOB=0 such that b
09<0<180° is known as the angle between the vectors @ and b. D

[o}]

Angle between 3, is denoted by (3, p) or (OA, OB).

Note 1: Angle between two vectors g, p is determined only
when they have the same initial point
Note 2: (3@,p)=(b,a)=(-a,—b)=180°—(a,~b)=(/a, mp) for ,;m >0
Note 3: If(g,p)=90°then @, b are called perpendicular vectors.
9) Types of Vectors:
9.1) Zero vector (Null vector): A vector of zero magnitude and arbitrary direction is called
zero vector and it is denoted by Q or 0.
Note 1: If A is any point in space then AA =0 Note 2: 0 is a scalar while 0 is a vector.
Note 3: If =D then writing 3— b =0 is wrong expression and 3 — p = 0 is the right expression
9.2) Unit vector: A vector of magnitude one unit is called a unit vector. If @ is a non-zero vector
then the unit vector in the direction of @ is denoted by a (read as, a cap or a crown or a tip).

Formula: The unit vector in the direction of the non-zero vector @ is é=%

Note 1: Unit vectors parallel to @ are i%. Here, Unit vector opposite to @ is _%
El = a
Note 2: The vector of magnitude m in the direction of @is ma=m é)
a _ . ~ a
Note 3: Any given vector g can be written as a=|a|a lal

9.3) Coinitial Vectors : Vectors having the same initial point .Ex: OA, OB, OC
Note:The angle between 2 non zero vectors is determined only when they are co-initial .

9.4) Collinear vectors(Like, unlike vectors):
Vectors lying on the same or parallel lines are called Collinear vectors.
Collinear vectors having the same direction are called Like vectors.
Collinear vectors having opposite directions are called Unlike vectors.
Note : If the vectors 3, b are collinear then d=tp for some te R.
Collinear Vectors

—_—

Like vectors Unlike vectors
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. CONCEPTS & FORMULAS &5

1)  Triangle Law: If two vectors 3 b are represented by C

2 sides AB,BC of a triangle taken in an order then their

resultant(sum) 3+ is represented by the third side ac of
A

QI

the triangle taken in the reverse order. Thus AB+ BC=AC -
Here, the terminal point B of the first vector AB coincides with the initial point B of the
second vector BC.

Note 1: In AABC, AB+BC+CA=(AB+BC)+CA=AC+CA=AA=0

Note 2: Hence, the condition for 3 vectors 3, b, T to be the sides of a triangle is g+ p+

OI

Thus, the vector sum of three sides of a triangle taken in order is Q
Note 3: If @, b any two sides of the triangle then the 314 side is given by t=a+ b (or) - (a+b)
Note 4: If a :(81,32,33); E:(bl,bz,b3) then @ +E:(a1+b1, 32+b2, a3+b3)

Note 5: If @a=ayi+ayj+agk, b=bqi +b,j+bsk then a+b=(a;+by)i+(ay+by)j+(ag+bg)k
2)  Vector joining two points: If A,B are 2 points in space
and OA,OB are their Position vectors then

AB=OB-OA=PVof B-PVof A. [--OA +AB=0B]

O a
>
gl
o 6
gl
)

Note 1: AB=PB—PA where P is any point.

Note 2:  Similarly, PQ=0Q-OP, PR=0OR—OP,PS=0S-OP.

Note 3: If A(X1,y1,Z1) » B(X5,¥2,2)are any two points then AB=0OB—0A

=(Xo1 +Y2] +25K) = (x40 +Y1] +21K) =(Xp = Xq) T + (Y2 — Y1) | + (22 -7k

Hence | ABJ= \/(Xz —x1)2 + (Y2 - Y1) + (22 - 29)?
3) SECTION FORMULA:

If the position vectors of the points A,B w.r.to O are

3, prespectively and the point P.

collinear with A,B divides AB internally in the ratio m:n then the P.V of Pis QP = mb+ na
m+n
Note: Ifthe division is external then QP = b— , m#n
m-n

@ IfP is the midpoint of the line segment joining A(@).B(b) then

+E OA + 0B
2 2

the PV of the midpoint of AB is O_P—
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4) Direction cosines (D.c's) of a vector
4.1) Direction Cosines: If o,p,y are angles made by a vector ¥ with x-axis, y-axis and z-axis
then cosal, cosP, cosy are called direction cosines of . They are denoted by /,m,n.

Thus /= coso, m=cosf, n=cosy
4.2) IfT=xi+ yT+ zk is a vector in space and ITEr= ﬂ/xz + y2 +72 then

(i) Direction cosines (I,m,n) =( J= Scalar components of the unit vector r

X _
4.3) D.C's of F=xi+yj+zk are |=COSOC:?;m:COSB=%;n:COSY= , r=[T|

44) 124 mlan?ot [._.|z+mz+nz:X_2+y R G it

5) Direction ratios (D.r's) of a vector:

Direction Ratios (D.r's): The numbers(x,y,z) proportional to the direction cosines
Ir, mr, nr are called as direction ratios of vector T=xi +yj+zk, and are denoted by a, b , ¢
respectively.

If T =xi +yj +zk is a vector then X,y,z are the direction ratios of ¥ =(a,b,c)=(x,y,z)= (/r, mr, nr)

Note 1: If /,m,n are d.c's and x,y,z are d.r's of vector T then

2

() 12+m?2+n?=1 (i) x> +y?+22#1 ,ingeneral

Note 2: Direction ratios x,y,z = Scalar components of vector T
whereas the direction cosines /,m,n= sacalar components of the unit vector ¢

Note 3: D.C's or D.R's of a vector fix the direction of the given vector in terms of cosines
of angles made by the vector with the 3 coordinate axes.
Ex: Find the D.r's & Dc¢’s of the vector a=i + j —2k.
Sol: Given vector a=i + j -2k
(i) D.r's of a=(a,b,c) =(X,Y,2) =(1,1,—2) = Scalar components of 7
(i) |af 12 +12 + (-2)2 =\1+1+4 =6
_i o
J6 6 /6

|

- Unitvector a=—=

2
13l v6

D.C's of a=(/,m,n) =(

i+ j-2K

~

1

6

) = Scalar components of a

Sie
Sl
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10(c) SCALAR (DOT] PRODUCT

)

2)

3)

4)

Note 6: 7
Note 7: a.

T CONCEPTS & FORMULAS &5

Scalar Product (Dot Product): Let é,B be two non-zero vectors and 6 be the angle
between them such that 0°<0<180° then their scalar product is ab =|a|| b|cos6.

Angle between two vectors:

ab=|allb|cos® = €OSb = _ab_ =>9=cos_1( _ab— ] /
|allb] |allb] o,

Scalar product on the ortho normal traid (i, j,k):

() T.i=1].7=1 kk=1 [.i.i=]i|i]cos0°=(1)(1)(1)=1]

(ii) i.j=0,jk=0ki=0 [+i.j=i]j|cos90°=(1)(1)(0)=0 ]

Important Remarks on Scalar Product:

Note 1: The dot product of two vectors is a scalar quantity. (real number)
Note 2: 3p = b7 (i-e. the dot product of two vectors is commutative)

Note 3: ab>0¢& 0°<0<90° i.e, O is acute.

Note 4: ab<0 e 90°<0<180°i.e, 0 is obtuse.

Note 5: ab=|a| bl= 6=0, (a,b arelike vectors)

=0« alb., (3 isperpendiuclarto 5) (or) either @ or p is a null vector.
=—|a|b| & 6=r, (b are unlike vectors.)

Note 8: 3a>0

Note 9: (Ié)_(mb) = Im(é_B) for the scalars /;m eR.
Note 10: a(b+c)=ab+ac

Note 11: |ablg|a]|b]| (. [cosB|<1)

Note 12: |§_+t_) Kla|+ |E | (Triangular in equality)

Note 13: aa=|a||acos0°=|3 [ .Thus |aP=a% =aa. Hence we have following formulae.

(i) ja+b|?=al? +|b[? +2ab (i) |ja—b|*=|al® +|b|? -2ab-
(i) [a+ b2 +]a-bP=2(aP +|b ) (iv) |]a+b[? -|a-b[?=4ab
(V) @+b).(a-b)=al>-|bf?

(vi)|a+b+clP=al? +|b|? +|c|® +2(@b+bc+ca)
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5) Analytic expression for the Dot product:

5.)If a=aji +asj+azk and b=byi+byj+bskthen ab=a;bj+a,b,+asbs.
=12_ =% _ - = T - = Ty—0 2 2 2
5.2)|al*=aa=(ai +asj+agk).(aqi +apj+agk)=a;“tar,“tas3

5.3) If 0 is the angle between the vectors @=ayi +ay]+agk and b = byi +byj+bgk

aby +apyb, +agbs

then cosg = =
| \/(alz + a% + a%)(bf + b% + b%)

5.4) If @ is perpendicular to b then gp=0 = aja,tb;b,+c c,=0

6) Projection of a vector on a line

(Geometrical application of Scalar Product) :

Suppose a vector ApB makes an angle 0 with a directed line /, then
the projection of Ag on/is a vector E) with magnitude|fB|| cosO |

The direction of E) is the same or opposite to that of the line /, depending upon whether cos6 is

positive or negative. The vector [3 is called the projection vector, and its magnitude |5| is

simply called as the projection of the vector AB on the directed line /.
B B

[«}]
(o}]

0

A 7 C CBA

Formula: Ab 5
a ~
—(or) a— (or)ab
bl bl

Projection of the vector @ on thelinel with p asthe unit vector dlong | is ap.

Projection of the vector a on the vector b is

Note: If a= aliA+ a2]+ a3IA( then the scalar components (d.r's) a;,a,,a3 are nothing but the

projections of galong x-axis, y-axis, z-axis respectively.
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10(d) VECTOR (CROSS) PRODUCT

1)  Vector Product: Let 3,b be two non-zero and non-collinear vectors and 0 be the angle
between them then the vector product of @, bis axb=|a||b|sin6n

Here Nis the unit vector perpendicular to the plane containing @ and b
The direction of N is determined according to the Right Handed Screw Rule.
Note 1:The cross product axb is a vector perpendicular to plane of @a,b.
a,b and axbform a right handed system of vectors. Hence axb is parallel to N
*Note 2: |axb|=|a||b|sin®. (" [sinf|=sin® for 0<O<180° and | f{|=1)
2)  Angle between two vectors using Cross Product:
|axb]
[allb]

3)  Unit vector perpendicular to the plane containing a,b:

If 0 is the angle between 3@, b then sno= [ |axblHallb |sin9]

T =Tl aa axb axb T =T
We know axb=|al|b|sinén =n= =  |axbHallb]sin®
|al|b] Aibjsno T L 13xbHalB]sne]

Note 1: The unit vectors perpendicular to the plane containing aand b=+

|axb]|

Note 2: The vector of magnitude k perpendicular to plane of 3,b = k(ELEJ

4)  Cross product on the ortho normal traid (T,],E)
(i) ixi=0,jxj=0, kxk=0 [-.-TxT=|T||T|sjn0°=(1)(1)0=0]
(ii) TxTzk,jxk: i kxi= j “ixj=i|jlsn90°h=D)D@)k=Kk]

5) Important Remarks on Vector Product:
Note 1: @axb#bxa (Cross product is not commutative). But |axbHbxa|

Note 2: axb=—bxa (Anti commutative law)

Note 3:axb=0 < all b are collinearor g=0Q or p=0

Note 4: Fx3=0 < a,b are parallel.

Note 5: 3 1 b < axb=|a|b|fie|axbHalb]|

Note 6: (axb)xA=0 (" axb and { are parallel)

Note 7: (axb).a=0,(axb).b=0, (- axp is perpendicular to both 3 and p)
Note 8: (Ié)x(mB) = Im(é_xl_)) for the scalars /;meR.

Note 9: ax(b+T¢)=axb+axt (Cross product is distributive over addition)
Note 10: |axb[<|al|b| (-.* [sin6|<1)

Note 11: If either =0 or b=0 when 0 is not defined . Here, we take axp=0

Note 12: A vector perpendicular to both @, b is axp
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'6) Analytic expression for cross product: )

[
If a=aqi +ay]+agk,b=Dbqi +byj+bskthen axb=|a a, ag
_ _ _ by by bs

Here, axb= (a2b3 - a.3b2) = (a1b3 - a.3b1) + k(a1b2 — azbl)

x|

7) Area of triangle, parallelogram (Geometrical application of Cross product):

7.1. Area of triangle:

1 _ =
* Area of the triangle with two adjacent sides @, b is > |axb|

. Areaof AABCisA:%|ExA—C|=%@xﬁ|:%|c—Axc—B|

_ 1_ - = _ _ _
«IfA(3), B(p), C(C) are the vertices of AABC thenAZEl axb+bxc+cxal
7.2. Area of parallelogram:

« Area of the parallelogram with adjacent sides 3, b is |é><5|
1 — —
* Area of the quadrilateral ABCD with diagonals AC,BD is E(ACX BD)

- - .1 =
* Area of the quadrilateral (or parallelogram) with diagonals dy, d5 is > |dyxdy |
8)  The length of the perpendicular from a point to a line in space:

Consider AABC and AD be the length of the perpendicular from A on to BC

1 1 — —
Now, Area of AABC = E(base)(height) e |BC||AD| A

1= o800 .
2(Areacf AABC) 25 |BCXBAL ey BaA| . c

|BC| |BC| |BC| D

:|E|=
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