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SHINING STARS'

LAQ star quesTions PLus

1 1 1
For thematrix A=|1 2 —3|, Showthat A3—6A2+5A +111 =O. Hence, find AL
2 -1 3
2 -1 1
IfA=|-1 2 -1|, Verify that A3 — 6A2 + 9A — 41 = O and hence find A~!
1 -1 2
3D-GEOMETRY

Find the vector equation of the line passing through the point (1, 2, — 4) and
x—8= y+19= z-10 and x—15: y—29= z-5
-16 7 3 8 -5
PROBABILITY

A and B throw a die alternatively till one of them gets a ‘6’ and wins the game.
Find their respective probabilities of winning, if A starts first.

APPLICATION OF DERIVATIVES
The volume of a cube is increasing at the rate of 8 cm?/s. How fast is the surface area
increasing when the length of an edge is 12 cm?
A balloon, which always remains spherical on inflation, is being inflated by pumping
in 900 cubic centimetres of gas per second. Find the rate at which the radius of the
balloon increases when the radius is 15 cm.
A man of height 2 metres walks at a uniform speed of 5 km/h away from a lamp post
which is 6 metres high. Find the rate at which the length of his shadow increases.

perpendicular to the two lines:

A window is in the form of a rectangle surmounted by a semicircular opening.

The total perimeter of the window is 10 m. Find the dimensions of the window to
admit maximum light through the whole opening.

INTEGRATION
. Jn xdx o, Findihe: | fjg cos? xdx
valuate Jq 22c0S2x + b2sin2x . ind the integral o 0 o x + 452 x
Evaluate j;dx. 12. Find J'[\/cotx +\/tanx] dx
1+sinx + cosx
(x2+1)(x2+2) 1
Find the integral of m 14. Find the integral of m
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DETERMINANTS
11 1
%1.  ForthematrixA=|1 2 -3|, Showthat A°-6A%+5A +111 =0. Hence, find A
2 -1 3

1 1 1
Sol: Let A=|1 2 3
2 -1 3

1 1 171 1 1
A2=AA=[1 2 3|1 2 -3
2 -1 3|2 -1 3

1+1+2 1+2-1 1-3+3 4 2 1
=(1+2-6 1+4+3 1-6-9(=(-3 8 -14

2-1+6 2-2-3 2+43+9 7 -3 14

4 2 1M1 1 1
AS=A%A=|-3 8 -14|l1 2 -

7 -3 142 -1 3

442+2 4+4-1 4-6+3 8 7 1
=-3+8-28 -3+16+14 -3-24-42|=|-23 27 -69

7-3+28 7-6-14 7+9+42 32 -13 58
8 7 1 4 2 1 1 1 1 1 00
AS—6A%+B5A+111=|-23 27 -69|-6/-3 8 -14|+5/1 2 -3|+11/0 1 0O
32 -13 58 7 -3 14 2 -1 3 001

32 -13 58 42 -18 84 10 -5 15 0 0 11

24 12 6 24 12 6 0 0
=|-18 48 -84|-(-18 48 -84(=|0 0]=0
0 0

42 -18 84| |42 -18 84
1 1 1 1 L 1
= (AAA)AT_6(AA)A L +5AA 1A =0 [Post-multuplymg by A las|A o]

8 7 1 24 12 6 5 5 5 11 0 O
=(-23 27 -69(-|-18 48 -84|+[5 10 -15(+|0 11 O

oNeNe]

Thus, A3—6A2+5A+111=0
Now A3 _6A2 4+ 5A +111=0




* BABY BULLET-Q

SR.M-LAQ STAR Q PLUSx
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=A%2_6A+5 =-11A"1

:_i(AZ —6A +5I)....(0)

11
4 2 1 1
=|-3 8 -14|-6|1
7 -3 14 2

A1

Now, A% —6A +5|

(4 2 1] [6 6
=-3 8 -14|-|16 12
|7 -3 14| |12 -6
(9 2 1] [6 6
=(-3 13 -14|-|16 12
| 7 -3 19] [12 -6
From (1) and (2), we get

-4
11

.[3 5] ,[-8 4 5
Al=—=|9 1 4|l==|9 -1 -4
5 3 1| 15 3 1

= AAAA D —6AAA Y +5AA ) =—11(1A 7Y

1 1]
2 -3
-1 3
61T
-18
18

6| [3
-18(=(-9
18

(oN o)
= OO
——

6 5 5|[2 -1 1
AS=A%A=|-5 6 -5|-1 2 -
5 5 6|1 -1 2

2 1 1
%2, IfA=|-1 2 -
1 -1 2
2 1 1
ol LetA=|-1 2 -
1 -1 2
2 -1 12 -1 1
A2 =AA=|-1 2 -1fl-1 2 -1
1 -1 2|1 -1 2
4+1+1 -2-2-1 2+1+2 6
=|2-2-1 1+4+1 -1-2-2|=|-5 6
24142 -1-2-2 1+1+4 5 -5 6

jl, Verify that A3 — 6A2 + 9A — 41 = O and hence find A1

-5 5

-5

|
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124545 -6-10-5 6+5+10 2 21 21
-|-10-6-5 5+12+5 -5-6-10| =|-21 22 -21
10+5+6 -5-10-6 5+5+12 21 21 22

2 21 21 6 5 5 2 1 1 100
AS_6A2+9A -4l =|-21 22 -21|-6|-5 6 —5|+9/-1 2 40 1 0
21 21 2 5 -5 6 1 -1 2 001
(22 21 211 [36 -30 30| [18 -9 9] [4 0 O
—|-21 22 -21|-|-30 36 -30|+|-9 18 1o 4 0
|21 21 22 30 -30 36| |9 -9 18] |0 0O 4
(40 -30 30 40 -30 30] [0 0 O
-|-30 40 -30|-|-30 40 -30|=|0 0 O
|30 -30 40 30 -30 40| [0 0O

AS_BA24+9A—41=0

= (AAA)AL-6(AA)A L+ 9AA™ — 41A™ = O [Post-multiplying by A as|A| O]

= AAAATY —6AAA Y +9AA ) =40A7Y

(6 -5 5 2 -1 1 10
A2_6A+9l =|-5 6 -5|-6/-1 2 -1|+9/0 1
00

|5 -5 6 1 -1 2
6 -5 5] [12 6 6 9 0 O] 3 1
=[-5 6 -5(-[-6 12 -6|+|0 9 Of=[1 3
5 -5 6] 6 -6 12 009 |-11
1 3 1 -1]
From (1) and (2), we getA_l ==]l1 3 1
411 3]




* BABY BULLET-Q

SR.M-LAQ STAR Q PLUSx

Sol:
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3D-GEOMETRY
Find the vector equation of the line passing through the point (1, 2, — 4) and
x—8: y+19: z-10 and x—15: y—29: z-5
3 -16 7 3 8 -5

perpendicular to the two lines:
Let a=i+2j—4k, b= bliA+ b2]+ b3I2

The equation of the line passing through (1,2,—4) and parallel to vector p is given by
= T=a+A0=> T = (i + 2] — 4K) + A(byi +byj + bsk).....(1)

The equations of the given lines are

x-8 y+19 z-10 X-15 y-29 z-5
3 -16 7 3 8 -5

Since, lines of the equations (1) and (2) are perpendicular to each other we have
3b; —16b, + 7b3 =0...(4)
Also, Lines (1) and (3) are perpendicular to each other = 3b; +8b, —5b5 =0.....(5)

Solving equations (4) and (5), we have

b by by by by by by by by
(-16)x(-5)-8x7 7x3-3x(-5) 3x8-3x(-16) 24 36 72 2 3 6

Hence, the direction ratios of pare and 2,3, 6
- b=2i +3j+6k
Putting b= 2i +3j+6k in equation (1), we get T = (i + 2j — 4k) + A(2i + 3] + 6k)

... the required vector equation of the line is T = (f + 2] - 4|2) + L(ZiA + 3] + 6I2)
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Sol:
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PROBABILITY

A and B throw a die alternatively till one of them gets a ‘6’ and wins the game.
Find their respective probabilities of winning, if A starts first.

Let S denote the success (getting a ‘6”) and F denote the failure (not getting a ‘6’).
1 5
Thus, P(9) ==, P(F) ==
us, P =2, PR =¢

1
P(A wins in the first throw) = P(S) = 5

A gets the third throw, when the first throw by A and second throw by B result into failures.
551 (5 1
~.P(A wins in the 3rd throw) = P(FFS) = P(F) P(F) P(S) ZEXEXE =(€) Xg

4
5)(1
P(A wins in the 5th throw) = P (FFFFS) = (E) (E) and so on.

, 1 (5Y(1) (5Y (1), -_6 _5 e _ @
(I S R A

ii)P(B wins)= 1-P(A wi —1—E—E
(i1)P(B wins)= 1-P(A wins) 1 11




* BABY BULLET-Q /72 SR.M-LAQ STAR Q PLUSx

[

APPLICATION OF DERIVATIVES

5. A balloon, which always remains spherical on inflation, is being inflated by pumping
in 900 cubic centimetres of gas per second. Find the rate at which the radius of the
balloon increases when the radius is 15 cm.

Sol:  For the sphere, we take radius =r and volume=V

dav
Given E=QOOC-C/S, r=15cm
4 20r df
Volume of the sphere V== 3 On diff. w.rt't, we get z mBr
20r _ dr 900 %0 1
= 900=4r(15 —= = =—
A3 4 = &~ Znxiox15 ge0n xS

6. The volume of a cube is increasing at the rate of 8 cm’/s. How fast is the surface areq
increasing when the length of an edge is 12 cm?

Sol:  For the cube, we take length of the edge =x , Volume=V and Surface area=S

dv
Given i 8cm> /s and x=12 em

dv 2 dXx
Volume of the cube V=x3 On diff. w.r.t ', we get e =3x"— ot

= 8= 3x?2 d—X = d—X = i
dt  dt  3x?
Surface area S=6x2

ds dx 8 32
On diff. w.r.t't, we get o = 12X— =124 —— |===

ds 32 8m2/
d 12 3

So, when x=12 cm = S
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Sol:

A man of height 2 metres walks at a uniform speed of 5 km/h away from a lamp post
which is 6 metres high. Find the rate at which the length of his shadow increases.

Let AB be the lamp-post, the lamp being at the position B and let MN be the man at a

particular time t and let AM = / metre.

Then, MS is the shadow of the man. Let MS = s metres.

Note that AMSN ~ AASB

MS _MN
AS AB

AS =3s (as MN =2 and AB = 6 (given))
Thus AM = 3s —s =2s. But AM =/

So [=12s
dl _2ds d

5

i — =—km'h.
Since 5

Tdt Cdt ot

Hence, the length of the shadow increases at the rate 2 km/h.

B

2
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8. A window is in the form of a rectangle surmounted by a semicircular opening.

The total perimeter of the window is 10 m. Find the dimensions of the window

to admit maximum light through the whole opening.

Sol:  Let x and y be the length and breadth of the rectangular window.
Radius of the semicircular opening be x/2.

It is given that the perimeter of the window is 10m.

x+2y+n—2X:10:> x(1+g)+2y:10

0|
<

—2y=10-x|1+Z |= y=5-x iz
2 2 4

Area of the window (A) is given by,

2
A =xy+E X =X[5-x 1+E +Ex2 _5x_x2 1+E +Ex2
2( 2 2 4 8 2 4] 8

,-,%=5—2x 1+E +Ex=5-x-"x
dx 2 4) 4 4

2
9A T (14 <0
dx2 4 4

dA
Now, d_X =0

:>5—x—%x=0:>x(1+%)=5:>xz 5 :X:A

(1+1t) n+4
4

~.by second derivative test, the area is the maximum when length is - m

+4

=5_
Now, ¥ n+4| 4 t+4d  n+d

Hence, the required dimensions of the window to admit maximum light is given by length

20
mm and breadth mm .

20 (2+n)_5_ 5(2+m) 10
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INTEGRALS

In xdx
9. Evaluate ), 22002 + b2sinx
J- J' (mt—x)dx
Sol: 0 2cos,2x+b23|n x 70 a?cos?(n—x)+b?sin®(n-x)
" dx _J-n xdx
0 a2cos?x+b%sin?x "0 a?cos? x + b2sin? x
n dx
o 2.2 7o
0 2% cos? x + b®sin® x
dx
=2l=r
I a2 cos? x + b?sin? x
T m dx T dx

== 2
20 g2 cog? x+b25|n2x 2 70 22cos? x + b2sin?x

T
> dx
cos x+b25m2x % a2 cos? x + b?sin? x

=nfo 2

T sec® xdx 2 cosec Zxdx

a2 + b2 tan? x aZcot? x + b2

du
,[0 2+b22 1 22+b2

1 0
=£[tan_1E] —l[tan‘lﬂ]
2 al, a b |
2

= l[tan‘1 b + cot‘lE] = 1.2 T [ tan_lx + cot_lx :E:l
ab a al] ab 2 2ab 2

](by taking tanx =t andcotx =u)
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cos? xdx
10. Find the integral of j
0 cos?x +4sin®x
cos? X
Sol: Letl—jZ 5 dx
cos X +4sn“ X
2 n 2
:J- i coSs” X i dx:jz i COS” X o
0 cos® x + 4(1— cos X) 0 cos? x +4— 4cos? x
1" _3c0s?x —1J;4—3coszx—4 "
_ _ T[22 000 XAy
370 4_3cos?x 370 4_3cos?x
,[ Ly - 30052x 1 2 ix
370 4-3cos” x 3043005x
1.5 1.7 asec?x 1, = 1.5 4sec®x
]y 24d x=-1[x2 +1[2 3
0 330 450c?x -3 3 370 41+ tan“x) -3
ZSec X
jo ..... )
1+4tan X
. T 2sec?x
Consider, 242dx
0 1+ 4tan“x

Put,2tanx=t= 25ec? xdx = dt
Whenx =0 we havet=0 and x=g we havet =

T

~.from (1),weget | = _E+

ola

r.r
3 3 6

2

T 2 o 00

22X g [ A =[tant] <[t ()~ tan ()] =2

0 1+4tan®x 01+t 0 2
T 2
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11. Evaluate _[.—dx-
1+ sinx + cosx
X . 1-t2 2dt
Sol:  Put tn==1 then SNX=——;C0SX="—5and X=—
2 1+t 1+t 1+t
( 2dt )
1 2 2dt
=l T >
1+ sinXx +cosx 14 2t +1—t 1+t9)+2t+(1-t9)
1412 1+t2
1 1 X
=2]——dt=)—dt=Ilog|1+t|+C=log|1+tan| = ||+C
I2+2t J1+t og| | og| (2)'

12. Find J.[\/COIX + \/tanx] dx
Sol:  We have | =J'[\/cotx ++/tanx] dx =J\/tanx(1+ cot x) dx

2tdt
1+ t4

(1+ = )dt i 2-[ (1+ 2 )dt

t
2 1
g

Puttanx = t2 = sec®x dx = 2t dt or dx =

1) 2t (t> +1)
Thml:jt(1+t—2}(l+t4)dt=2j t4ildt=2-[

Put t—% = y,sothat(1+i2)dt =dy.
t

dy 1y ot
Then | =2| ———=——=+/2tan " —=—=+C=+/2tan +C
J.y2+(\/§)2 V2 V2

2
=\/§tan_1(t _1J+C:\/§tan_1( tanx—l}rc

\/Et 2tanx
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( e? )
) ) (x2+l)(x2+2)
13. Find the integral of —(X2 +3)(X2 T )
2in(x%+2) x*+3x%+2  (x*+7x%+12)-4x% +10 4x2 +10
Sol: Wehave(x+)(x+)_x+x+=(X+X+) X - (4x +10) €))

0C+3(P+4) X312 x4 +7x% +12 I N
Put x2=y then

(4y+100 _ A N B _A(y+4+B(y+3
(y+3y+4) y+3 +4  y+3(y+4)

=>A(y+4)+B(y+3)=(4y+10)....(1)
Puty=-3in (1) = A(-3+4)+B(0)=-12+10=-2=A=-2
Puty=—4 in (1) = A(0) + B(-4+3)=-16+10=—6=B=6

From (1),

(x2+1)(x2+2) 6 e 2 6 |
'[(x2+3)(x2+4) '[ |:(x +3) (x +4)]dx J +x2+(\/§)2 x2 + 22 g

—x+2( an 1% )—6(1tan_1gj+c:x+£tan‘1i—3tan_1)2(+c

BT B
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14.  Find the integral of —;
X" -1
1 1 1

Sol:  GE= (4 g ) (X% -1)(x° +1) ) (x +1)(x —1)(x2 +1)

1 _ A N B +Cx+D
Let X+D(x-D(x2+1) (x+D (x=1) (x%+1)

_A(x=1)@+x?) +B(x+1)1+x?) +(Cx+D)(x* ~1)
B (X +D(x-1)(x2 +1)

A(x-1)1+ x2) + B(x+1)1+ x2)+(Cx + D)(x2 ~D=1....(1)
:>A(x3+x—x2—1)+B(x3+x+x2+1)+Cx3+ Dx?-Cx-D=1

= (A+B+C)x3+(-A+B+D)x* +(A+B-C)x+(-A+B-D)=1
Putx=—1in (1) = A(-1-1)(1+1)+0+0 =1 = 4A =1 = A=—1/4

Putx=1in (1) = 0+B(1+1)(1+1)+0=1 = 4B=1=B = 1/4

Equating the coefficients of x3 weget

11
A+B+C=0 = C:_A_B:Z_Z:O
Equating the coefficients of x2 weget
1 1 -2 1
=D=A-B 24 2 5
'."A\:_E’Bziy(:ZO,D:—l
4 4 2

1 1 1
A D Ax+D)  Ax-D) 2
(x*-1 4x+D) 4x-1) 201+x9)

1 -1 1 1
= _[ (x4 _1)dx = -[4(x +1)dx +j4(x _l)dx —j2(1+ Xz)dx

1 -_1 Lioglx -1 = Ltan1
= mdx_ 4Iog|x+]j+4|og|x 1 2tan x+C

1

x-1 —Etan_1x+C [-.-Ioga—logbzlog(%)]

X+1
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