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SECTION-A
I. Answer ALL the following VSAQ: 10 x2 =20
1. Write the parametric equations of the circle 2x* + 2y? =7
2. Find the value of k if the points (1, 3), (2, k) are conjugate w.r.to the circle X2 + y2 =35.
3. Findthe equation of the radical axis of the circles x*+y*+4x+6y+7=0, 4(x> +y*) + 8x + 12y - 9=0
4.  Find the equation of the normal to the parabola y*> = 4x which is parallel toy —2x + 5=0
5. Ifthe eccentricity of a hyperbola is 5/4, then find the eccentricity of its conjugate hyperbola.
1+ cos’x 1
6. Evaluate Im dx 7.1/Ezvaluate Imdx
T
8.  Evaluate ?(\/5—\/; )2 dx 9. Evaluate I cosx dx  10. Find the general solution of : % =%
° SECTION-B
II. Answer any FIVE of the following SAQs: 5x4=20
11. Find the equation of the circle which cut orthogonally the circle x* + y2 — 4x + 2y — 7 = 0 and
having the centre at (2, 3).
12. The line y = mx + ¢ and the circle x* + y? = a* intersect at A and B. If AB = 2A, then show that
=(1 +m?) (a2 - 2\?)
13. Find the equation of the ellipse, if focus = (1,-1), e =2/3 and directrix isx+y +2=0
14. Find the equations of the tangent and normal to the ellipse 2x2 + 3y2 = 11 at the point whose
ordinate is 1.
15. Find the centre, eccentricity, foci, length of latus rectum and equations of the directrices of the
Hyperbola X2 — 4y2 =4
2 . 4 6 dy fy — el
16. Evaluate J sin“xcos’xdx 17. Solve COSX.& + ysinxX = sec™Xx
0 SECTION-C
IT1. Answer any FIVE of the following Long Answer Questions: 5x7=35
18. Show that the points (9,1), (7,9), (—2,12), (6,10) are concyclic and find the equation of the circle
on which they lie.
19. Show that, four common tangents can be drawn for the circles given by x*>+y?— 14x + 6y +38 =0 and
X2 +y?+30x—2y+1=0
20. From an external point P, tangents are drawn to the parabola y2 = 4ax and these tangents make angles 61,60,
with its axis, such that cot0 | +cot6, is a constant d. Then show that all such P lie on a horizontal line.
21. Evaluate [€™sin(bx +c)dx;(ab,ce Rib#0)on R
22. Obtain reduction formula for I = Icot”x dx, n being a positive integer, n>2 and deduce the value
of cot?x dx
- n dy 2y+x+1

s 7 6 . . . L=
Evaluate (J; xsin’x.cos’x dx 24, Solve the differential equation : dX  2x+4y+3
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SECTION-A

1. Obtain the parametric equation of 2x2 + 2y2 =17

2
7 7
Sol:  Reducing the given equation into standard form, we get x?+ y2 =3 = ( —j

7
..Centre (0, 0) radius r = \/;

The parametric equations of x2 + y2 =2 are given by x =r cos 0, y =r sin 0.

=X = \/Zcose,yz\/gsine, 0<6<2n

2. Find the value of k if the points (1,3), (2,k) are conjugate w.r.to the circle
x2+y2=35.

Sol:  The points (1,3), (2,k) are conjugate to w.r.t the circle S= x2+y2—35=02 S1,=0
= X1X2+y1y2—3 5=0
= (1)(2)+(3)(k) -35=0

=3k=33=k=11

3. Find the equation of the radical axis of x2+y2+4x+6y—7=0, 4(x2+y2)+8x+12y—-9=0

9
Sol:  LetS=x?+y?+4x+6y-7=0 and S' EX2+y2+2X+3y_Z:O

Radical axisisS—S'=0

:>(4—2)x+(6—3)y+(—7+%j=0

:>2x+3y—1—j:0:>8x+12y—19:0
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4. Find the equation of the normal to the parabola y?> = 4x which is parallel toy -2x + 5=0

Sol:  Given equation of parabola is y>=4x ......(1)
Comparing with y? = 4ax, we get4da=4 = a=1
Given lineis y — 2x + 5 = 0= y=2x-5
.. Slope m = 2.
The equation of normal to the parabola which is parallel to the given line with slope m =2 is
y = mMx — 2am —am°>= y=2x - 2(1)2)- 1(2)}
= y=2x—-12 =2x-y—-12=0

5. If the eccentricity of a hyperbola is 5/4, then find eccentricity of its conjugate
hyperbola.

Sol:  Let e= 5/4 and the eccentricity of the conjugate hyperbola be e,

i+i—1j 1 +i—l:>i—1_E—£:>ef—§:>el—_
Then, 2 e? (5142 & & 25 25 9 3
1 2
6. Evaluate J‘ﬂ dx
1 - cos2x
1+ cos? x 1+ cos? x
Sol: j dX=J ") dx
1- cos2x 29n< X

2
=1J‘ 12 +coszx dx
sSnN“x sSn°x

2% + cot? X)dx

= % _[(cosec

= % I(coseczx + (coseczx —1))dx

= % j(2cose02x —Ddx

= J‘coseczxdx—1 J.dx:—cotx—lx+c
2 2
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dx
7. Evaluate —[Xlogx[log(logx)]
1 1
Sol:  Putlog(logx)=t = @.;dx =dt
dt
1= - =logt+c=log(log(logx)) + ¢
a 2
8. Evaluate J-(\/a'\/;) dx
0
a 2 a
Sol: = j(@&) dx =I(a+x—2J5&)dx
0 0
x? > [ 2
= a<+——2\/5—x& =a2+a——ﬂa2 _ 6a2 + 3a% —8a’ =a_2
2 3 3 6 6
nl2
9. Evaluate j costx dx
0
n/2
Sol :  Whenn is odd, J' cos” xdx = (n—l)(n—3),_,_g.
nn-2)... 3
0
/2
" eostxax ~OOOWDE ) 256
0 1O G 693
. . dy 2y
10. Find the general solution of &=7
dy 2y  dy 2dx __ dy . pdx
Sol: = j7:2 hatd

Given D.E is & = X

X y
= logy=2log x + log ¢ = log y = log x2 + log ¢ =>logy = log cx2 = y = cx?

.. The general solution is y = cx?2
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11.

Sol :

[6 |
—_

SECTION-B

Find the equation of the circle which cut orthogonally the circle x2+y2—4x+2y—7=0

and having the centre at (2,3).

The equation of the required circle is taken as S=x%+y2+2gx+2fy+c=0.....(1)
Given that centre of S =0 is C(—g, )= (2,3) > g=-2,f=-3

S=0 is orthogonal to x2+y2—4x+2y—7=0

s 2gg'H2ff=c+c' =2g(-2)+2f(1)=c — 7 = —4g+2f =c-7

Now Substituting g =-2, f=-3 in the above equation we get

= —4(-2)+2(-3)=c-T=>c=8-6t7=9

Substituting g =-2, f=-3, ¢ =9 in (1) we get the equation of the required circle as

X2y 242(<2)x+2(-3)y+9=0 =>x2+y?—4x—6y+9 =0

12.

Sol:

The line y = mx + ¢ and the circle x> + y?> = a? intersect at A and B. If AB = 2A, then
show that (a2 - A% (1 + m?) = ¢?

Given Equation of the circle x> + y? = a?, Centre = O(0,0)
The line y = mx + ¢ intersects circle at A and B.

OM = perpendicular distance from (0, 0) tomx —y + ¢ =0
=0M = —l d

1+m? A M y=mx-+c
From AOAM, AM? +OM? = AO?

2 c? a2(1+ mz) —c?
=AM? = OA? - OM? =a — 5 = 5
1+m 1+m

2
C
Length of the chord AB = 2AM = 2, /az - >
1+m
a%(l+m?
Given AB =2, . L= Z/Ja - ,/ (
1+m? 1+m?

(1+ m2) c?
=2 2
1+m
= @-A)(1+m?)=c¢?

=22 = @2 (14m?) — ¢ = 22(1tmd)=> 2 (1+m?) — A2 (1+m?)=c?
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13.

Sol:

ey
Find the equation of ellipse, if focus=(1,-1), e =2/3 and directrix is x+y+2=0

Given that Focus S=(1,-1), e=2/3, directrix is x+y+2=0
Let P(x1,Yy7) be any point on the ellipse = SP = ePM

T R R R URE i BRI

= 9[xf -2X1 +1+ yf +2y;+1] = 2[x12 +y12 + 4+ 2X1Y1 +4yq +4X4]

= 9(x12 + yl2 -2X1+2y1+2)= 2(x12 + y12 +2X1Y1 + 4Xq + 4y, + 4)
= 9x? +9y? —18x; +18y; +18=2x7 + 2y% + 4x,y; +8X{ +8y, + 8
= 7xZ — 4xy; + 7y? — 26X, +10y; +10=0

.. Equation of the ellipseis G —4xy+7y2 —-26x+10y+10=0

14.

Sol:

Find the equations of tangent and normal to the ellipse 2x2+3y2=11 at the point whose
ordinate is 1.

Let P(x;,y;) be a point on the given ellipse, whose ordinate is 1.

= P(x},y;) isapoint on the ellipse S=2x2+3y2=1 1= 2x12+3=11 =>x=+2

.. the coordinates of P are (2,1) are (—2,1)

Hence, equation of tangent at (2,1) is S{=0 = 4x+3y=11 = slope of the tangent is —4/3

= slope of'its normal is 3/4

.. Equation of normal at (2,1) is y—1=3/4 (x—2) = 4y—4=3x—6 = 3x—4y—-2=0

Also equation of tangent at (—2,1) is S;=0 =4x—3y+11=0 = slope of the tangent is 4/3

= slope of its normal is —3/4

Equation of normal at (—2,1) is y—1==3/4 (x+2) = 3x+4y+2=0
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15.
directrices of the Hyperbola x2—4y2=4

Given hyperbola is X2—4y2=4

2 2
Xy
4 1

Sol:

1. Here a?2=4, b2=1

(i) Centre C=(0,0)

[ 4+ p?

.. .. a“+b 4+1 [5 5
e= = [— = |—=—

(ii) Eccentricity 2 ,/ 1 1= 2

(59

5
(iii) Foci = (+ae,0) = £i2(7 0
a
(iv) Equation of the directrices is X = ig

207 20 _
2

(v) Length of latusrectum = 1

Find the centre, eccentricity, foci, length of latus rectum and equations of the

2n
Evaluate j sin*xcos®xdx

0

16.

Let f(x)=sin*xcos®

Here, f(2n—x) = f(n—x)=f{(x)

Sol: X

2n b
J'sin4 x cos® xdx = sti n%x cos® xdx = 2(2)

4

/2
I sin® x cos® xdx
0

_e0][6E)O)]

:3n
"~ (10(9(6)(4)(2)

128
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17.  Solve COSX.—y +ysinx = sec?x
dx
. d snx) sec’x  d
Sol: Given D.E is cosx.ﬂ+ysmx = sec? x :>—y+Y(—j S X IV ytanx) = sec®x
dx dx cosx/ cosx  dx

The given D.E is in the form ;ﬂ +P(x)y=Q(x)- Thisisalinear D.Einy.
X

Here P=tanx = JPdx = [tanxdx = logsecx I F=elPox _ dogseex _ gy

Hence the solution is y(I.F) = [L.F)Q dx
— y.secx = J(secx)(sec® x)dx = Jsec xdx = f(sec? x)(sec? x)dx

3

= 1+ tan? x) sec? xax = [sec? xax + [sec? x tan® xdx = tanx + X ¢ [ F(x) = tanx, £/(x) = sec® x |
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18.

Sol:

—r
SECTION-C

Show that the points (9,1), (7,9), (—2,12), (6,10) are concyclic and find the equation of
the circle on which they lie.

Method I:

Let A=(9,1), B=(7,9), C=(-2,12), D=(6,10)

Let S(xj,y;) be the centre of the circle = SA=SB=SC

Now, SA =SB = SA? =SB? = (%, —9)% + (y1 - 1% = (X~ 7)2 + (y1 - 9
= (o ~18x + B1)+ (vF 2y, +1) = (< ~14xq +49)+ (v ~18y; + 1)

= —4X1+16y; -48=0= x; -4y, +12=0 ......... @

Also, SB=SC= SB? = SC? = (x; - 7)% + (y; - 9)? = (X + 2 + (y; —12)?
= (X —14xq +49) + (yZ —18y; +81) = (X2 + 4x; +4) + (Y5 — 24y, +144)

= —18X; +6y; -18=0=3x;-y; +3=0 ... (2

Solving (1) & (2) we get the centre S(x,y1)

From (2), y; =3%x,+3
Putin (1) =>x-4(3x+3)+12=0=>x-12x,-12+12=0 = —11x;=0= x;=0

Putx;=01in (2) 3x; -y +3=0= 0-y;+3=0=y,;=3

. Centre S(x41,y1) =(0,3)

Now radiusr = SA :\/(9—0)2 +(1-3)% =/81+4=1/85

. the equation of the circle with centre (0,3) and radiusy/85 is (x—a)2+(y—b)2=r2
= (x—O)2 +(y—3)2 = (\/%)2 = x? +y2 -6y+9=85=> x2 +y2 -6y—-76=0
Now, substituting D(6,10) in the above equation, we have
(6)2+(10)2+6(10)—76=36+100-60-76=136—-136=0

.. D(6,10) lies on the circle

Hence, the given 4 points are concyclic.
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19.

iy

Show that four common tangents can be drawn for the circles given by
x2+y2—14x+6y+33=0 and x2+y2+30x—2y+1=0 and find the internal and external
centres of similitude.

Sol: For the circle x2+y2—14x+6y+33=0, centre C{=(7,-3), radius = J49+9-33 = \/2_5 =5

For the circle x2+y2+3 0x—2y+1=0, centre C,=(-15,1), radius ry = \225+1-1=4/225=15

Now, C,C, = \/ (7+15)% + (-3-1)% =105 - Also r;+1,=20

Here, C,Cy > +1y (-~ C;Cp =10y/5 =+/500; 1y + 1, = 20 =~/400)
.. the two circles are such that one lies entirely outside the other
= Four common tangents exist for the given circles.

Now,ry:r,=5:15=1:3

B+ (1)(-15) (3)(—3)+(1)(1)j=( 3 ,_2]

The internal centre of simultude | = ,
3+1 3+1 2

The external centre of simultude E = ( (3 :_3(_1])_( —15 , (3)(_:)__1(1)(1)] =(18,-5)
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20. From an external point P, tangents are drawn to the parabola y2 =4ax and these
tangents make angles 01,0, with its axis, such that cot0+ cot0, is a constant d.

Then show that all such P lie on a horizontal line.
Sol:  Let the external point P=(x,y )

a
The equation of the tangent with slope m to the parabola y2=4ax is y=mX+ E

a
If this tangent passes through P(x;,y;) then Y1 =MX; + m = m2X1 -my;+a=0

The above equation is a quadratic in m and its roots be taken as m;, m,.

Here, m; = tan6; and m,=tan6,.

Then m1+m2 =ﬁ:>tan61+tan(92 Zﬁ
X1 X1
mim- = a
1112 X1
. .. 1 1
Given locus condition cot6, +cot6, =d= + =d
tanel tmez
1 1 m;+m
:>—+—=d:>—1 2=d:>m1+m2=dm1m2
mp My myms

:ﬁzdizylzad isintheformy =k
10X

.. Locus of P(x4,y1) is a horizontal line y=ad
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21.

Proof:

Evaluate [e®sin(bx +c)dx
As per ILATE rule, we take u=sin(bx+c) and v= eaX-

e
Then v 1=? and u' = bcos(bx+c)

From 'Integration by parts Rule', we have fuv=uv1—fvlu'

| = Jsin(bx +c) (€®) dx

=sin(bx +C)[ﬁj— ] ﬁ]bcos(bx +C)dx _ L sin(bx +c) _chos(bx +C)( eax)dx
a a a a

ax aXx
= leax sin(bx +c) - b cos(bx + ¢) [e_j - Ie—(—bsi n(bx + c))dx
a a a a

2
S sin(bx +c) —%eax cos(bx + ¢) —b—zfeax sin(bx + c)dx
a a a

2
S sin(bx+c)—£2eax cos(bx + ¢) —b—2|
a a a

2 2

L sz ¥
= 1| 1+ — |=—€*"[asin(bx + ¢) — bcos(bx + C)]
a a

2 T2

2 2
— | (ﬂ] _& [asin(bx + ¢) — boos(bx + ¢)]
a a

aX

+.1 = ——[asin(bx + ¢) ~ boos(bx + )] + ¢
a“+b
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22. Obtain reduction formula for I, = fcot™ x dx » n being a positive integer, n>2 and deduce

the value of [cot? x dx
Sol: Let I, = Jcot" xdx = I(cot”_2 X) cot? xdx
= J(cot"? x)(csc? x — 1)dx

= Jeot™2 x .csc? xdx — 1, 5

_oot"x
n-1

Put n=4, 2,0 successively in (1), we get

3 3 3
cot® X cot” x cot” x
Iy =— —ly =— —(—cotx -1 =— —(—cotx —
4 3 2 3 ( 0) 3 ( X=X)

X
=- 3 +CcotX+X+cC

T
23. Evaluate J'xsin7x.0056x dx
0

a a
Sol:  We know, Jf 00X = [f(a=x)dx.
0 0

T T
sl= jx§n7xcose Xdx = j(n—x)sin7(n—x)cos6(n—x)dx
0 0

T T
= I(R—X)QH7XCOS6XdX=TEISiﬂ7XCOSGX dx — |
0 0

/2

s2= nTjSi n7 XCOS6 xdx =2n j Sil"l7 XCOS6 xdx = 2n QIQIGIIOICIC) = 32n =Il=

16n

0 0 "W)ADQ)(7)(B)(3)(1) 3003

3003
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dy 2y+x+1
24. Solve the differential equation &=m
_ Cdy  (2y+x)+1
Sol: Given D.E is 0 2(x+2y)+3
dz
Let x + 2y =z, then l+2%:&
= 2% = E —
dx

E(E_JJ_ z+1
=2 dx 27+3

1- 22+2+22+3

dz 2z+2 dz 2z+2
> — 1= _—= +1=
dx 2z+3 dx 2z+3
dz _4z+5
:>dx 2z+3
:>22+3d2=dx
4z +5
22+3dz=dx:£(4z+6jdz:dx
4z+5 2\ 4z+5
jl[w:ldzzdx
2 4z+5
2 4z +5
:>1+1( 1 jdz:dx
2 2\4z+5

I(EJrl(L)dz): Idx
2 2\4z+5
z 1
Z+Zlog(4z+5)=x+c
=278 %

x+2y+}
8

=

= 4x+8y +log(4x +8y +5) =8x + 8¢
— 8y —4x+log(4x +8y+5)=8c

log[4(x +2y) +5]=X+C [-- z=x+2y]

22+ 3
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