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Q11.CIRCLES:

Find the length of the chord intercepted by the

circle x2+y?-8x—2y—8=0 on the line x+y+1=0

Given circle is x2+y2+8x—2y—8=0,

It's Centre C=(4,1), radius I =v16+1+8= J25=5

Perpendicular distance from the centre (4,1) to the

. . [4+1+1] 6 3x2

line x+y+1=0is p= =—-= =32

ine x+y is \/12? NG

.. Length of the chord = 2\/r2 —p?= 2\/52 -@3/2)?
=2,/25-9(2) =2J25-18 =27

Find the equation of tangent of x2+y2—2x+4y=0

at (3,—1). Also find the equation of other tangent

parallel to it.

(i) To find the tangent at (3,—1)

The equation of tangent at (3,—1) on
S=x*+y?-2x+4y=0is S, =0
=SxB)Hy(—D—x+3)+2(y-1)=0

= 3x—y—x—3+2y—2=0 = 2x-+y-5=0

(ii) To find the parallel tangent

Slope of the tangent 2x+y—5=0 is m=-2.

Also x> +y?-2x+4y=0 =g =—1; f=2.

Radiusr = \/12 +(-2)2-0=+1+4-0=45
Formula: Equation of tangents with slope m is

y+f =m(x+g)+ryl+m?

= (y+2)=-2(x-1)+/5/1+4
=((y+2)=-2(x-)£5=2x+y+5=0

.. the equation of the parallel tangent is 2x+y+5=0

Find the condition that the tangents drawn from
the exterior point (0,0) to S=x2+y2+2gx+2fy+c=0
are perpendicular to each other.

If O is the angle between the pair of tangents from

r
JSu

2+f2

P(0,0) to S=0 then tan% _

-C

2 02+ 0%+ 2(0) + 2 (0) + ¢

2 2
=tan45°=1 :M

%

2,2
+f<—
:>12=u
Cc
= c=ghfl—c = g2+2=2c

A:

Find the pole of the line x+y+2=0 w.r.t the circle
x2+y2—4x+6y—12=0.
Let P(x},y1) be the pole of x+y+2=0
Then the polar of P(x 1,y ) w.r.to
S=xy?—4x+6y—12=0is S| =0
=X xtyy—2(x )3y ty)-12=0
= (X =2)xHy3)y-2x1 3y —-12=0
Comparing above with x+y+2=0, we have
X1 — 2 Y1+ 3 —2X1 + 3y1 -12
= = =k
1 1 > (say)

=x1-2=k; y;+3=k and -2x;+3y; -12=2k

=>X1=k+2,y;=k-3
s=2(k+2)+3(k-3)-12 =2k

= -2k-4+3k-9-12=2k=>k=-25

X =k+2=-25+2=-23 and y,; =k-3=-25-3=-28

. Pole P(Xq,y1) =(-23,—-28)

Find the value of k if x+y—5=0 and 2x+ky—8=0
are conjugate with respect to the circle
x2+y2-2x—2y—1=0

From the given lines, we get ll=1, m1=1, n,=-5;
12=2, m2=k, n,=-8;

The given cirlce is x> +y>-2x—2y—1=0
=>g=-1,f=-1,c=-1

radius 1=/ (~1)2 + (<12 +1=+1+1+1=+/3

Conjugate lines condition:

r2(1,ly+m my)=(/, g+m, f-n,)(l,g+m,fn,)
=3((1 x 2)H(1 x k))=(-1-1+5)(—2-k+8)

= 3(2+k)=(3)(6-k) = 2+k=6-k
=2k=4=k=2

Q12: SYSTEM OF CIRCLES:

Find the radical centre of the circles
X2+y2—4x—6y+5=0,x2+y?—2x—4y—1=0,
x2+y2—6x—2y=0.

The given circles are S=x>+y>—4x—6y+5=0,
S'=x*+y?-2x—4y—1=0, S"=x’+y’—6x—2y=0

One radical axis is S—S'=0

= (—4x 2x)H—-0y+4y)H5+1)=0

= -2x2y+6=0=> —2(x+y-3)=0= x+y-3=0...(1)
Another radical axis is S—S"=0
=(—4x+6X)H—6y+2y H5=0 = 2x—4y+5=0 ....(2)
Now, (1) x 2 = 2x+2y—-6=0 ....(3)
B3)-2)=o6y-11=0= y=11/6
From(1),x=3-y = S—E‘: 18—;1122

.. the radical centre is (7/6,11/6)
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Find the equation and length of the common chord
of the two circles x2+yZ+2x+2y+1=0,
X2+y2+4x+3y+2 =0

Given circles are S=x*+y2+2x+2y+1 =0 and
S'=xZ+yZ+4x+3y+2 =0

Equation of the common chord is S—S'=0

= -2x—-y—1=0=2x+y+1=0

For the circle S=x2+y2+2x+2y+1=0

centre C(=1,—1), radius r=yP+P-1=y1+1-1=41=1
Length of the perpendicular from C(-1,-1) to the

. . [2-D-1+7 1+Jj 1-2]_ 2
line 2x+y+1=0is p = BN N =£

..Length of the common chord

\/72_2\/7 \/7=—un|ts

If x+y =3 is the equation of the chord AB of the
circle x2+y2-2x+4y-8 =0,find the equation of the
circle having AB as diameter.
Given circle is S=x2+y2-2x+4y-8 =0 and the given
line is L=x+y-3=0
Equation of any circle passing through the points
of intersection of S=0, L=0 is S+AL=0
= (x2Hy2 2x+4y-8) + Mx +y-3)=0
= X2y 2 2-D)xHE+L)y —(3A+8) =0....(1)

2-L 4+

Centre of the above circle is (T_Tj

Line L=0 becomes a diameter if the above centre

lies on L =x+y—3= 0:(227‘) (4;7“) 3=0

=22-A-4-A-6=0=22AL=-8=>A=-4

From (1), required circle's equation is
x2Hy2(2+4)x+(4 —4)y—(-12+8)=0

= x> y?—6x+4=0

Find the equation of the circle passing through
the points of intersection of the circles
x2+y2-8x—6y+21 =0, x2+y2—2x-15=0 and (1,2)

Given circles are S=x2+y2-8x—6y+21 =0,
S'=x2+y2-2x-15=0

Radical axis of'the circles is L=S—S'=0

= —8x+2x—0y+21+15=0 = —6x—-6y+36=0

= —06(x+y—6)=0 = x+y—6=0

Equation of any circle passing through the points
of intersection of S'=0, L=0 is S'+AL=0

= (x24+y2-2x-15) + Mx +y-6)=0.....(1)

(1) passes through the point (1,2)

= (1+4-2-15)+A(1+2-6)=0 =>—12+ A(-3)=0
=>30=—12=1=4

Put =4 in (1) then (x>+y2-2x-15) ~4(x +y—6) =0
= x2Hy2-2x—15-4x +4y+24=0

= x2+y2—6x—4y+9=0

3 §

Q13 & 14: ELLIPSE:

Find the eccentricity, coordinates of foci, length
of latus rectum and equations of directrices of
the ellipse 9x2+16y2—36x+32y—92=0.

Given ellipse is 9x2+16y2-36x+32y-92=0
— (9C—36x)+(16y2+32y =92

— O(2—dx A 16(y2+2y+1) =92436:+16
= 9(x-2)2+16(y+1)2 =144

Bix-2" 16+ | (x-2° (y-(D)? _
= 144 * 144 16 9 =1,
Comparing with (x—2h) v Zl,( ? =1, we get

a b

a2=16, b>=9 =a=4, b=3 =a>b.
Hence the ellipse is horizontal. Also (h,k) =(2,-1)

b2 16-9_7
\/ V16 4

(i) e=

(i1) Foci = (htae,k) = (2% # )= (2+47,-0)
2

(iii) Length of latus rectum = 22 = @ - %

(iv) Equations of directrices

x= h+__z+ﬂ:2ﬁ+16

SN NG J7x = (247 +16)

Find the equations of the tangents to
9x2+16y2>=144 , which make equal intercepts
on the coordinate axes.

2y2

Given ellipse is 9x2+16y2=144= )1(—6 + 5T
sa’=16=a=4and b’ =9=b=3

The equation of any line which makes equal
intercepts on the axes is taken as x+y-+k=0
Its slope m ==1

Equation of the tangent with slope m is

y= mx + v a?m? + b?

.. Equations of required tangents are

y=2X+/16()+9=*+x+5=y=+x*5

Find the equation of the ellipse in the standard
form whose distance between foci is 2 and the
length of latus rectum is 15/2.

Distance between foci S(ae,0) and S'(—ae,0) is 2
= 2ae=2 =ae=1...(1)
Length of latus rectum is 15/2
2 15 2 15, o
a 2 4
Now, b= 2(14,2)—;:1 —a%e?=a’(ae)’=a’-1 .....(3)

From (2) & (3), —a a’-1=>15a=4a° -
= 4o’ ~15a-4= O:(a—4)(4a+]) 0=a= 4(or)——

If a=4 then b2=a’-1=16-1=15
2 y2 1 x2 y2 o
.. Equation of the ellipse is ? +b— = :>1—6 T




* BABY BULLET-Q

Find the eccentricity, coordinates of foci, length
of latus rectum and equations of directrices of
the ellipse 9x2+16y2 =144

Equation of ellipse is 9x2+16y2=144

2 2 2 2
LS P S Ay
16 9

Here, a=16, b?>=9=>a>b.
Hence the ellipse is horizontal

2 2
. L /a -b? 169 [7 7
(i) Eccentricity e= 7 1 V%4

(ii) Foci = (+ae,0) = (i4(§} ,0) = (+4/7,0)

2
(iii) Length of latus rectum = % = 29 = g

4

. . . . 4\ £
(iv) Equation of directrices is x=+2 :t{—} :£
e W7) 7

=7x=416=7x+16=0
Find the equations of the tangents to the ellipse
2x2+y2=8 which are (i) parallel to x—2y—4=0

(ii) perpendicular to x+y+2=0 2 2

Given ellipse is 2x2 + y2 =8= e +y§ =1

X
z7+y§:1:> a2 =4, b% -8
(1) Slope of the line x—2y—4=0ism=1/2
.. Tangent with slope m is y=mx +ya?m? + b?
= y:%xi f4x%+8:%xi\/_:%xi3
= 2y =x+6 = x2y+£6=0
(i1) Slope of the line x+y+2=0is —1
= Slope of'its perpendicular is m =1
.. Tangent with slope m=1is y = mx £ a?m? + b2
= y=(Dx+/4D%+8=x+12=x+23
=x-y+2/3=0
Show that the points of intersection of the
perpendicular tangents to an ellipse lie on a circle.
2 2
Let the equation of the ellipse be SEX—2+y—2—1= 0
a® b
Let P(x;,y,) be a point on the locus
Tangent with slope m, is y = mx++/a?m? + b?
If it pass through P(x,,y, ), then y; =mx +VaZn? +b?
=y, - mxy = +ya2m? + b2 = (y3 —mx)? = a?m? + b2
= (y12 + m2x12 —2X1y m) — a’m?-p% =0
= m?(x? - a?) - 2mxyy; + (y? - b?)=0...(1)
(1) is a quadratic equation in m and its roots be

taken as m,m, (Slopes of tangents)
If the tangents are perpendicu%ar t}%en m m,=1

From (1), product of roots = ﬁ =-1

2
:yf—b2 =—(xf—a2) =—xf+a2 = x12 + yf =al+b?
.. Locus of P(x,,y,) is x2+y?=a’+b2.

1.4 5
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Q15: HYPERBOLA:

Find the centre, eccentricity, foci, length of latus
rectum and equations of the directrices of the

Hyperbola x2—4y2=4

2

2
Given hyperbola is x2—4y2=4 = XT Y g

1
Here a?=4, b2=1
(1) Centre C=(0,0)

2 K2
(i) Eccentricity €= a ;rzb = \/::{1 = g zg
(iii) Foci = (+ae,0) = [ﬂ(gj ) oj - (i\/g, O)

(iv) Length of latusrectum = % = % =1

] > . = E = +L = +i
(v) Directrices: X =+ o =X _\/5/23)( G
Find the equations of the tangents to the hyperbola
3x2-4y2 =12 which are (a) Parallel
(b) Perpendicular to the liney =x-7

Given hyperbola is 3x2—4y2 =12

X2 2

:>——y—=1:>a2 =4, b%=3

4 3
Slope of the given line y =x—7 ism =1
= Slope of'its perpendicular is —1

Tangent with slope m is y = mx ++vam? - b?

(i) Parallel tangent with slope m=1 is
y:1.xi\/4(1)2 -3=x*1=>x-yzxl1l=0

(i1) Perpendicular tangent with slope m=—1 is
y=(—1)xi\/F—3:—xi12 X+y+1=0

P.T the point of intersection of two perpendicular

2
tangents to the hyperbola 5 Y 5" 1=0 lies on
the circle x2+y2=a2—b2. a” b
X 2 y2
Given hyperbolais S= — 5 1=0
a“ b

Let P(x},y) be a point on the locus.
Tangent with slope m, is y = mx ++va’m? —b?
If it passes through P(x7,y) then

Yy~ =+ [ —p? = (y; — Mxy)? = a2m? - b
:(yf —2mxqy; + mzxf) —a?m?+b% =0

= m?(x? —a?) - 2mxyy; + (Y2 +b%) =0......(1)
(1) is a quadratic equation in 'm' and its roots be
taken as m, m,. (Slopes of tangents)

If the tangents are perpendicular then m;m,=—1
v +b?

x? —a?

=-1

From (1) product of roots
3xf+y12=a2—b2

The locus of P(x},y}) is x? +y? = a2 - b?.
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Q16 :DEFINITE INTEGRALS: Q17:DIFFERENTIAL EQUATIONS:
/2 5 o Solve (xy2+x)dx+(yx2+y)dy=0
e  Evaluate J‘ de A:  The given D.E is in the variables and separable form
0 sin S+ cos5x - (xy2HR)dxHyx2+y)dy=0
= (xy*Hx)dx=—(yx>+y)dy
A: We know | _ Tra- —x(yH+ Ddx=—y(x+1)dy = ——dx=——
e know 0jf(x)olx 0jf(a X)dx (y“+Ddx=—y(x“+1)dy N i
B Y
™2 GnSx q D X< +1 y?+1
Sl= | —/——dx ...
6[sin5x+cos5x = log(x? +1) = -log(y* +1) +logc
= Iog(x2 +D+ Iog(y2 +1)=logc
2 sins(;—xj = log(x? +1)(y? +1) =logc= (x> +1)(y* +1) =c
= .[ e 5(n dx .. The solution is (x2 +1)(y2 +1)=c
0 sin (—xj+cos (—xj
dy
*  Solve ——xtan(y —-x)=1
/2 5 dx
=[5 s ) dy | ot _dy ot
5 .50 T .
cos sin : X=t=—2 1_ = =
o COSTXTSNX A: Put ¥ g o dx T dx
Now adding (1) & (2) we get Hence, the given D.E becomes
/2 . 5 /2 5 dt dt 1
|+|_ J‘ Ssn X dX J‘ COS™ X : dX [EX-+lj—Xtmt=l:>dX:Xta’lt:>t6ntdt=XdX
o sin X +COS® X ocosx+smx 2

= [oottdt = [xdx = log(sint) =X7+c

2 W

=2 = I )/ = 2logsint=x?+c= 2logsin(y — X) = X% +¢
o Solve (14x2) W 4y = gTanx
/2 - . dx
Z_0== —1
B Ildx XIo 2 2 A:  GivenD.E is (1+ XZ)%er:eTan X
1 eTan71x
.'.2I:E3I:E :ﬂ+y( 2]:_2
2 4 dx  “\1+x 1+x
o The above equation is in the form
T dx dy L .
*  Evaluate I 4+ 500X d_+ yP(x) = Q(x) - Thisis alinear D.E inYy.
X
X 1-t? 2dt Here P= 5= IF’dX _.'—dx Tan x
A: Put tan- =tthen COSX=——>and X =—7> . 1+x2 1+ x?
2 1+t 1+t 1

.IFZeJ- X:eTanix.
I

Also, X=0=1=0, X:E:tzl

Hence the solution is y(1.F) = [(1.F)Q dx

1 2 1
- fedras?) )/ o) g _ [T lx[ el lXde.

2 2
04+5[1—tzj 0 41+ 1%) +5(1-t%) 14 x2
1+t M Put Tan Ix=t= dx dt
1+x
1 t t t 2t 2t
3+t Lye = |eed=|e dt:—e +C
09_t 0 Tanx _ 1 o

=ye
y 2
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Q18 & 19: CIRCLES:
Find the equation of the circle passing through

A(1,2), B(3,-4), C(5,-6)

GivenA=(1,2), B=(3,-4), C=(5,-6)

We take S(x;,y;) as the centre of the circle
= SA=SB=SC

Now, SA=SB = SA2=SB2

= (=D (y 22 =(x;3) >y +4)?

3(/{—2x1+1)+(y{—4y1+4)

:(%Z —6x1+9)+(/yf +8y; +16)
:>4X1—12y1—20=0 = 4(X1—3y1—5) =0
:>X1—3y1—5=0 .......... (1)

Also, SA=SC = SA2=S(?
= (x=1)?H(y2)? =(x;=5)*+(y, +6)*

:()«{—2X1+1)+(y{—4y1+4)

= () ~10x+25) +(f +12y,+36)

=8, —16y; -56=0=8(x; —2y; -7)=0
=X —2y1—-7=0 ... )
(DH-@)=-y270=y,=2

(1) =x,-6-5=0=x=11

.".Centre of the circle S(x;,y;)=(11,2).
Also, we have A=(1,2)

So, radius r = SA = r? = SA?

S 1% =(11-1)% +(2-2)? =10? =100

.. Circle with centre (11, 2) and 12=100 is
(x —11)% + (y - 2)2 =100
= (X2 - 22x +121) + (y? — 4y +4) =100

:>x2+y2—22x—4y+25:0

e Show that the points (1, 1), (-6, 0), (-2, 2) and
(-2,-8) are concyclic.

A: LetA=(1,1),B=(-6,0), C=(-2,2), D=(-2,-8)
Take S(x1,y1) as the centre of the circle
= SA=SB=SC
Now, SA =SB = SA? = SB?
= (X1 =07 +(1-D% = (1 +6)% + (¥~ 0)?
= (F —2q+)+(F ~2y1+D) = (F +12+36)+ y{
= 14x1+ 2y, +34=0= 2(7x; +y; +17) =0
=>7X1+y1+17=0 ........ ()]
Also, SB = SC= SB? = SC?
= (x1+6)+ (Y1 -0 = (x; +2)* + (¥, - 2)°
= (F +12x,+36)+ Y = (O +4xq+ ) + (¥ — 4y, +4)
=8X,+4y;+28=0=4(2x; +y, +7)=0
= 2X+Yy1+7=0....(2
Solving (1) & (2) we get the centre S(x1,y1)
D-(2)=>5%1+10=0=>5x; =-10= x; =-2
From (1), 7(-2)+y,; +17=0=>y;+3=0=>y; =-3
. Centre of thecircleis S(X1,y;) = (-2,-3)
Also, we have A=(1,1) = r=SA=>r2=SA2
1?2 =(1+22%+(1+3)°=9+16=25
.. Equation of the circle with centre (-2,—3) and
2=251is (x+2)% + (y+3)° =25
:(x2+4x+4)+(y2+6y+9)=25
= x2+y? +4x+6y-12=0
Now, put D(-2,-8) in the above equation, then
we get (—2)2+H—8)2+4(=2)+6(-8)—12
=4+64—-8-48—-12=68-68=0
.. D(=2,-8) lies on the circle

.. the given 4 points are concyclic.
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Find the equation of the circle passing through
(4,1) (6,5) and having the centre on the line
4x+3y-24=0

LetA=(4,1), B=(6,5).

Take S(x;,y;) as the centre of the circle

= SA=SB => SA2=SB2.

= (XY - 1D=(x-0) > (y-5)?

:()«{—SX +16)+(y1 -2y, +D
=(¥ —12x1+36)+ (y; —10y; +25)

= 17-8x1—2y;=61-12x,—10y,

= 17-8x2y,—61+12x;+10y,;=0

= 4x,+8y;—44=0.....(1)

But centre (x;,y) lies on 4x+3y-24=0

= 4x13y;24=0 ........... )

2)H1)=-5y;+20=0 = 5y, =20 = y;=4

From (2), 4x,+3(4)24=0 = 4x,—12=0

=4x=12=x,=3

.~.Centre of the circle S(x1,y;) = (3.,4).

Also, we have A=(4,1)

So, radius =SA=> r?=SAZ2,

12 =(3-4)2+(4-1)?=1+9=10

.. circle with centre (3,4) and r2=10 is
(x=3)+H{y—47=10

S(X2H9-6x)Hy2H16-8y =10 =x2+y2—6x-8y+15=0

Show that the circles x2+y?—4x—6y—12=0 and
x2+y2+6x+18y+26=0 touch each other. Find the
point of contact and the equation of the common
tangent at their point of contact.

First circle is S = x2+y2—-4x—6y—12=0;

Centre C,=(2,3), radius 1 =v/4+9+12=25=5
Second circle is S'=x2+y2+2x-8y+13=0

Centre C,=(-3,-9), radius r, =+/1+16-13=2

CiCy =+/(2+3)2 +(3+9)2 =25+ 144 = /169 =13
Also, 1| +1,=5+8=13=C,C,.

.. The circles touch each other externally.

Now, ry:1r,=5:8

So, the Point of contact P divides the join of
C(2,3), Cy(-3,79) internally in the ratio 5 : 8

, P_(S(—3)+8(2) 5(—9)+8(3)J_( 1 —_21)
T 5.8 ' 5+8 ) |13’ 13

The equation of the common tangent to the circles
S=0, S'=0 at the point of contact is given by S—S'=0

:>()<é +)/é —4x—6y—13—()<é +)/é +6x+18y+26)=0
=(—4x—6x) —6y—18y—12-26=0

= —10x—24y-38=0 = -2(5x+12y+19)=0

= 5x+12y+19=0

17 5

Find the equation of direct common tangents to the
circles x2+y2+22x—4y—100=0,
x2+y2-22x+4y+100=0.

For the circle x?+y2+22x—4y—100=0,
Centre C,=(-11,2),

Radius 1 =v121+4+100 =/225=15

For the circle x2+y2—22x+4y+100=0,
Centre C,=(11,-2),

Radius r, =+/121+4-100=+/25=5
Now, CCy = \/(-11-13)2 + 2+ 2)2

=/484+16 = /500 =10/5
r;try = 15+5=20. Hence C;C,>1y+1,
Also,r:r,=15:5=3:1

.. External centre of similitude E divides C,C,
in the ratio 3:1 externally.

(3D -(M(-1) 3(-2)-12)
DE_( 3-1 ' 3.1

) =(22,-4)

Tangent through (22,—4) with slope ‘m’is
(y+4) =m(x—22) = mx—y-22m—4=0....(1)
Perpendicular distance from C,(11,-2)to (1) is,=5

[11m +2-22m - 4| |-11m - 2|
= =5=> =5
\/m2+1 \/m2+1

= [1im+ 2= 5ym? +1.=> (11m+ 2)2 = 25(m? +1)
= 121m2+4+44m =25m2+25

= 96m2+44m-21=0

=96m2+72m—28m-21=0

= 24m (4m+3)-7(4m+3)=0

7 -3
24m-7)(4m+3)= =—,—
= (24m-7)(4m+3)=0=>m

.. Tangent through (22,-4) with slope 7/24 is
+4 -~ (x-22)
=2,
=24(y+4)=1(x—22) = Tx—24y-250=0
.. Tangent through (22,—4) with slope —3/4 is
-3
(y+4)=—(x=22) = 4(y+4)=-3(x-22)

= 4y+16 =-3x+66 =3x+4y—50=0
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Q20:PARABOLA: ‘

*  Derive the standard form of the parabola.

Show that the equations of common tangents to
the circle x2+y2 =2a2 and the parabola y2 = 8ax

Let S be the focus and L=0 be the directrix of the

parabola.

Let Z be the projection of S on to the directrix

Let A be the mid point of SZ o
L SA,

=SA=AZ= A7 :

= A is a point on the parabola. 10

Take AS, the principle axis asX-axi

Line perpendicular to AS through A as the Y-axis

= A=(0,0)

Let AS=a = S=(a,0), Z=(—a,0)

= the equation of the directrix is x=—a = x+a=0

Let P(x;,y,) be any point on the parabola.

N be the projection of P on to the Y-axis.

M be the projection of P on to the directrix.

Here PM=PN+NM=x;+a

(PN = x — coordinateof Pand NM = AZ=AS=3a)

Now, by the focus directrix property of the pa-

rabola,

we have F?—;=138P=PM — gP? = pM?2

M N

00 S(a,0)

= (% -a)? + (Y- 0)* = (X1 +8)°
=>yi=(q+a)’-(x-a)? = yf =4daq

[ (a+b)? - (a—b)? = 4ab]
.. The equation of locus of P(x,,y;) is y2=4ax
Find the equation of the parabola passing through
the points (-2,1), (1,2),(-1,3) and having its axis
parallel to the x-axis.
The equation of the parabola whose axis is parallel
to the x-axis is x=/y>+my-+n
The parabola passes through (-2,1)
=-2=[(12+m(1)y+n = Hm+n=-2 ........ €]
The parabola passes through (1,2)
= 1=12)*m(2)+n=> 4+2m+n=1 ........ ?2)
The parabola passes through (-1,3)
=—1=1(3)>+m(3)+n = 9H+3m+n=—1 ........ 3)
2)«(1)=3Hm=3...(4)
B)(1)=8MH2m=1....(5)
From2x (4) = 6/+2m=6 .......(6)
5)(6)=21=-5=1=-5/2 5
B)=2m=1-8 :1+8XE:1+ 20=21

s2m=21=>m=21/2

O on=—2—|—me—ps 2 2 52 D 4,
22 2 2

Put the values / = -5/2, m = 21/2 and n=-10 in

x=ly2+rny+n we get the required parabola as
= —§ y2 +— y 10
= 2X _—5y +21y 20=> 5y2 +2x-21y+20=0

are y=1(x+2a).

Given parabolais y2=8ax =>y2 =4Q2a)x ........ (1)

2a
.. Tangent to (1) with slope m is y=mx+ E ....... 2)

Comparing the above with y=mx+c we get ¢ =

3R

Given circle is x>+y2=2a2.......(3)
Applying the tangential condition ¢Z = r2(1+m?)
between (2) and (3), we get

(2""] 2a2(1+mz):> # 2D =2 —@wnd)
m P

=1+ m2)m2 =2=(1+ rT12)m2 =(1+:L2)12 —mP=1=m=+1

From (2), the equations of the required common

2a
tangents are y = X+ n =

y =1(x+2a)

Ify;,y,,y3 are the y-coordinates of the vertices of
the triangle inscribed in the parabola y2 = 4ax
then show that the area of the triangle is

1 .
Ba [(V1=¥2)(Y2-¥3)(y3-Y1)| sq. units.
We take vertices as P(x,y )= (atlz, 2at)),
Q(Xz’yz):(atzz’zatz)a R(X?,a y3) = (at329 2at3)

Area of APQR
_Axa-xp Xi-xg 1| af-a  af-aj
2 Y1-Y2 Y1— y3 2 Zatl - Zatz Zatl - 2at3
_azalt? -t t?-t3
2 |t1-ty ty-t3
_2[-)(t+ty) (-ta)t+ty)
th-ty t-13

t1+t2 t1+t3
1

=a (tl—tz)(tl—t3)|(}{+t27*f—t3)|
=a?|(ty — tp)(tz — t3)(t3 — 1y) |
-2 -2 )% 1)

( 26!1 ylﬁtl—yl ....... J

=a?(t; — tp)(t — ta)

2

2a2a2a|(yl y2)(Y2 —Y3)(Y3 - Y1)|

= 8_a [(y1—Y2)(Y2 = ¥3)(¥Y3— Y1) | Sq.Units
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Q21&22: INTEGRATION:

Evaluate the reduction formula for I —fsm xdx
and hence find fsm xdx

Given I,=kin"xdx=}sin™Tx(sinx)dx.

We take First function u=sin"x and

Second function v=sinx = [v =—cosx

From By parts rule, we have

L, =sin" Ix (—cosx)— kn—l)sin X COSX (—cosx)dx
n- 1xcosx+(n—l)fsmn 2xcosxdx

=—sin
"~Ixcosx+Hn-1) fsin™2x(1-sin?x)dx

=—sin

=-sn"xcosx +(n-1[[sin™"

=-sin"txcosx+(N-D[l_o—1,]
n-1

2 xdx — Jsin" xdx]

Iy =-sin
=—sin"xcosx +(N-1)l, »—nl,+1,
=nl, :—SinnleCOSXJr(n—l)'an+J’h/_J’n/
inN—1
-sin"“xcosx (n-1
+(j|n2 (1)
n n

Putn=4, 2,0 successively in (1), we get

B sm3xcosx 3

__sin®xcosx 3[ sinxcosx | 1 }

+ +—1
4 4 2 20

xcosx +(N=2l,_» —(n-Dl,

=1, =

_sin®xcosx 3

————smxcosx+§lo
4 8 8

sin®xcosx 3

__SNTXCOSX _ 3y y cosx + Sx [ 1g=X]
8 g- 07

Evaluate the reduction formula for
In=k0s“xdx and hence find [cos*xdx

Given In=fcosnxdx=kos _lx(cosx)dx.
We apply the "By parts rule"

-1y and

We take First function u=cos
Second function v=cosx = [v = sinx
From By parts rule, we have

L= cos™ Ix (sinx) — J(n—l)cosn’zx (—sinx)sinx dx
=cos™ Ix(sinx)+(n—1) os"2x (sinx)sinx dx

= cos™ Ix (sinx +(n—1)Jeos™ 2x (sin?x) dx

= cos™ !x (sinx)+(n—1) feos™ 2x (1-cos2x)dx

= cos™ x (sinx)+(n—1) feos"2xdx —(n-1) leosx dx
= cos"Ix (sinx)+(n—1 ), ,—(n-1)I,

s L= cos~Ix (sinx)+(n—-1)I, ,—nl +I

= nl, =cos" Ix(sinx) + (N1l 5 +%—%
cos"Ix(sinx) (n-1)

o= + lh—2..(1
n n ' n n-2-(1)

Putn=4, 2,0 successively in (1), we get

| cos® xsinx EI

4 —4 72

= 2B-BULLET MODEL PAPER SAQ & LAQ Sections %
19 \

jcos3xsinx 3{cosxsmx 1 }

2
4 4 0

2 2
cos®xsnx 3 3
=————+—cosxsinx+—=lg
4 8 8

0033xsmx 3

+—C00SXSiNX + 3x+c
4 8 8 )
Evaluate ftan“xdx, hence evaluate [tanxdx
Let |, = [tan" xdx = [(tan"~2 x) tan® xdx
= J(tan"? x)(sec? x — 1)dx

= Itan”’2 x sec? xdx — [tan"2 xdx
t":n 20 (00 = tanx,f (x) =sec? |

Putn=5, 3,1 successively in (1), we get

4 2
tan™ x tan*x [ tan®x
I5 = Jtan® xcx = R Cat [ 5 llJ

_tan?x  tanx

+ Jtan xdx
4
4

tan*x  tanZx

= 9o +log|secx|+c

4
Obtain the reduction formula for |, = I sec”xdx .
Hence find ISECSXdX
Given|,, = [sec" xdx = J(sec"2 x) sec? xdx

We take first function u=sech2x

Second function v=sec?x = JV =tanx

From Byparts rule, we have

I,=(sec™ 2x)tanx — f(n—2)(sec™3 x) secx tanx(tan x)dx
= (sec"? x)(tanx) —(n - 2) [(sec™ 2 x) tan® xdx
= (sec2x)(tanx) - (n - 2) I(sec™2 x)(sec? x — L)dx
= (tanx)(sc 2 x) — (n - 2) f(sec" x — sec™ 2 x)dx
=(sec"?X)(tanx) —(n-2) Jsac" xcx + (n—2) [sec™ 2 xckx
oy =(sec" 2 x)(tanx) - (N=2)1, + (N=2)1,, 5
=1, +(N=2)l, = (sec" 2 x)(tanx) + (N— 2o
= I, [1+ (n—-2)] =sec" 2 x(tanx) + (N— 21, 5

= 1, [(n-D] =sec" 2 x(tanX) + (N - 2)1 1_»

(sec"?x)tanx  (n-2)
In= + lhoo...(1
n n-1 n-1 n-2 ()

Putn=5,3,1 successively in (1), we get

sec3xtanx 3
I5:J'sec5xdx_7

4 4
_ sec®xtanx ?:(secx.tanxj+3I
4 4 2 gl
sec®xtanx  3(secx.tanx) 3
= = +> [secx dx
4 4 2 8
sec Xtanx 3

4 +=secxtanx +— Iog|secx+tanx|+c
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_— J-2C03X+38inx . Q23: DEFINITE INTEGRALS:
VAU 4cosx + Bsinx . Evaluate Iﬂdx
Let (2cosx +3sinx) +cos’x
=Ad£(4cosx+53inx)+B(4oosx+55inx) A: We know .[f (x)ax = .[f (a=x)dx
X 0 0
= (2cosx + 3sinx) ~|—T[ xsinx I(n x)sin(m-x) .
= A(-4sinx + 5cosx) + B(4cosx + 5sinx) N 1+coszx 1+ cos? (m—x)
Equating the coefficients of sinx, we get (n x)smx
4A+5B=3....(1) j
Equating the coefficients of cosx, we get 1+ cos” x
5A+4B=2........ )
(1)x5=-20A+25B=15....(3) f nsnx " xsinx dx:Tj msnx o
(2)x4= 20A+16B=8 ....(4) 1+coszx "1+0032x o1+ cos?x
B+ => 4lB:23:>B:% l_J' 71'S|nX J‘ smx
1+cos X 1+cos X
From (1), 4A =58—3=5[ 25 |3 = H5-123 -8 nx
a1 M ST LS
-8 -2 2 1+coszx
AA:—DA:— Put dx=—d
41 41 Ul COSX t = sinxdx t
. Also, x= Ozt—cosO 1andx=p:>t=cosn=—1
. J-2003x+3smx o
4cosx +5sinx _[ - —_[ —[Tan 1ty
24 11+ t2 11+ t2
Ed—(4cosx+53mx)+—(4cosx+59nx) 2
—1 —1 T TnT T
- oo B i e -t icd] - 3545 -5 50
N (4cosx +5sin x) T 3
2 (o . 23 _[1 dx e Evaluate JL)Z(dX
41 4cosx +5sinx 01+cos X
:_—Zlog|4cosx+59'nx|+§x+c a a
M M A: Weknow [f(x)dx = jf (a-x)dx
{ (09 gy Iog|f(x)|+c} 0
f() J‘xsm X dx —_[(n x)sm (m— X)dx
Evaluate J‘ 2X+5 l+cos X 1+ cos? (n - X)
x? _2X+1 _ "n—x)sin3x :n]- sn®x dX7Ix§n3x
Let2x+5=A— (x272x+10)+B 5 1+cos’x slrcos’x  Jl+cos’x
.3 T . 3
:>2x+5=A(2x 2)+B=2Ax-2A+B :njs”‘_xd)H o lele2l o Ism>2< o
01+coszx ol+cos”x

Equating the coefficient of x, we get 2A=2=A=1
Equating the constant terms, we get

-2A+B=5=>B=5+2A=5+2()) =7=B=7
2X+5

L —dX
'[\/ -2x+10
(x —-2x+10)

dx \t T er T

VX 2_2x+10 e J.\/ —-2x+10
= 2{x2 -2x+10+7j
J(x-1 +32

_2Jx2 —2x+10+7Sinh‘1(X;lj+c

ez’ xsinxk_n(1-ca¢x)snidk
26'1+0052x 26' 1+’ x 26' 1+ae’x
Put cosx=t = —sinxdx=dt;

x=0= t—cosO 1 and x=nt = t=cos7t—l

-1
1:2

1 1+t 1+t 21 te+1
_ T oTanlyt
j( 1+t2]d(_2[t 2Tan 1]
= E[_l_ 2Tan (-] -[1- 2Tan 11
T T T T| T T
=—[1-2| = |-1+2 = | =2 24+ X _2|=Z[r-2
2l (4) +(4j] 505252
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A:

Put x = tan® = dx = sec® 0d0

Also, X=039=0;x=1:e:%

And 1+ x2 =1+ tan?0 =sec?0

1 n/4
Jrlog(1+2x) dx = J-Iog(1+tane) 2/9d6
sec?0

0 1+X o
/4
= j log(1+ tan 0)do
0
nl4 /4 .
S .[Iog[1+tane]d6: Jllog{lﬂan(— Hd@
4
0 0
w4 tan” —tan0 nl4
- jmg 1+ = _ flog[1+1_tme}de
0 1+ tenz tan® o 1+tan®

_ "’f‘log{ (1+ tan6) + (1 tan6)
1+tan6

/4

/4
jde = j[|ogz—|og(1+ tan0)] do

= J.Iog 2
0 1+tan6

/4 /4 /4
=log2 jlde— jlog(1+tme)de=|ogz jlde—l
0 0 0
n/4 l+1=( 2[EJ 2|=(5j| 2
=log2[6]y " ~1 =1+1=(0g2)  |=2=| |(ag2)

=y _(gj(logZ)

/4 .
SINX + COSX
Evaluate J. -
0 9+16sin2x
Here, we take the substitution sinx—cosx=t.
Then (cosx-+sinx)dx=dt.

Now x=0 = t=sin0—cos0 = O—1= —1 and
X T s 1
=— =1=9 T'I - COS* —
4 4 4 f 2
Also,(sinx—cosx)*=t? = sin?x+cos?x—

2sinxcosx=t = 1—sin2x=t> =sin2x=1-t
. 9+16sin2x=9+16(1-t2)=9+16-16t>=25-16t

/4 .
e jsmx+cosx XZJ dt
5 9+16sin2x _125—16t2
¢ 11 5+4t7°
"l a2 5 a
157 - (4t) ) -4t

05 o o4 54| ~do| o1y

1 IogS2 Zlog3 _log3

4—O[Iog9]

:4—10[04099’1} -

A:

)

1115
og(l X) n/4 Q24: DIFFERENTIAL EQUATIONS:
. Evaluate_[ 2 dx (or) f|09(1+th)dX . Solve (x2ry2)dx=2xydy
0

GivenD.Eis (x +y )dx 2xydy
_dy Xy
dx 2xy

(1)is ahomogeneous D.E

Put y:vx:>ﬂ:v+xﬂ
dx

X
dv x2 +(vx)
dx  2x(vx)
_X (1+ v2) 1+ v2
2x%v 2V
dv 1+v
X—
dx 2V
av 1-v2
X—=
dx 2V

5 av = I
1—v X

L) VEX—

X2 +V2X2

2x%v

dv
V+X—=

1+v?
2v

_l+v2—2v2 _1—v

B 2v B 2v

dv=—:f

== dv I—: log(1-v?) =logx +logc

1- v
= logx + Iog(l—v )=logc
= log(x(1-v?)) =logc = x(1-v?) =c¢

if)e (o)

2 2
X J—
:x( y =c:>x2—y2=cx‘

X2

. The solution is x?~y2 = cx

Find the equation of a curve whose gradient

YV Y wni m
is & x » , which passes through (le'
GivenD.Eis ;ﬂ:l COSZ(%j (1)

(1) is ahomogeneous D.E.

dv
Put y=vx then ;—d)): =V+X—

dx
(1)3\/4.)(%:LC032V_V_COSZV
dx X
:xﬂz—coszv:m vdv= dX
dx X
= Iseczvdv=—f—xjtmv=—log|x|+c
X
:>tanl+log|x|: ........ 2)
X

Ifthis curve passes through the point (x,y) = (l %)
then tan%+ logl=c=1+0=c=c=1

.. From (2), required solution is tani/"‘l(gM =1

J
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» xdv x2(v.x)— 2.x.(v2x2)
“()SVJFK_ x3 - 3x2vx

w3223 XZ(V_ZVZ) Cv-2v?

YO x3(1—3v) C1-3v

xdv  v—2v2
+ _

Xxdv de_v—2v2
dx  1-3v

dx  1-3v

av _ v—2v2 —v+3v2 3 v2
dx 1-3v 1-3v

dx 1-3v dx 1-3v
X \/2 X v

d 1 3 -1
= 7)(: J'V—Zdv— jédv :Iogx+|ogc:v—3logv

-1 3 -1
=logx+logc+3logv=— = logxv-c=—
v %

112 5
—y+
e Solve (x2y-2xy2)dx=(x3-3x2y)dy e  Solve ﬂ = X—y+3
dx 2x-2y+5
A:  Given that
A:  GivenD.E is (x2y-2xy?)dx=(x3-3x2y)dy
dy  x-y+3 _ (X-y)+3
dy _xty-292 & 2x-2y+5 20x-y)+5
dx  x3-3x%
X-y+3
(1) is ahomogeneous D.E Comparing 2Xx—2y+5 with
dy Xav
Puty=vx > —=v+— X+ by +
y xV ax BXFOYHC e

aX+byy+cCy

g _1b -1 1 & _Bb
3.2 2,b2 -2 2 a2 b2
So, we take the substitution
x—yzvzl—ﬂzﬂ ﬂzl_ﬂ
dx dx dx dx
1Mo vH3
dx 2v+5
3@_1_ V+3 2v+5-v-3 v+2
dx 2v+5 2v+5 2v+5
dv  v+2
> — =
dx 2v+5
dx 2v+5
—
dv  v+2
:;dxz(ZVJrde\,:(ZVJF—M]dV
V+2 V+2

:(M]dVZ(Zﬂ-ijdV

V+2 V+2

Integrating on both sides, we get

dv

jdx: _[Zdv+ —

=Xx=2v+log(v+2)+c
= x=2(x-y)+log[(x—y)+2]+c

=>X-2y+log(x-y+2)=c
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