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9. HYPERBOLIG FUNCTIONS

1. INTRODUCTION PAGE

Sections No. of periods Weightage in IPE
4 [1x2=2]
1. Hyperbolic Functions 4 2 Marks

We recall that, sin6,cos@ are known as circular functions because the
parametric equations x=sin0, y=cosO of these two trigonometric functions
correspond to the coordinates of a point on the unit circle x2 +y2 = 1. Similarly, the func-
tions concerned to present topic are called Hyperbolic functions, because the para-
metric equations of these functions viz., x=sinbx, y=coshx correspond to the coordi-
nate of a point on the Hyperbola x>—y2 =1.

These byperbolic functions are used to solve some problems related to Engi-
neering. For example, the tension at any point in a cable suspended by its ends and
hanging under its own weight such as electric transmission lines may be computed
with byperbolic functions. Also these hyperbolic functions are useful in solving some
differential equations in Calculus.

Basically, there are six Hyperbolic functions each of which, is expressed in terms
of exponential functions of x viz., X, e~*.
In the bigher classes, it will be known that, this X is expressible in the sum of
2 3

o . X
infinite series as e* =1+ —+—+"—+........
1 2! 3!

The six basic hyperbolic functions in terms of eX and e™* are defined as follows:

X —X
¢ —¢ . . . . .. . ..
is known as sine byperbolic function and it is denoted by sinbx. This sinbx
e*—e* e*+e ™
is a real valued function with domain R. Thus, sinhx = —y vxeR. — is

known as cosine byperbolic function and it is denoted by coshx. This coshx is a real

valued function with domain R. Thus, coshx = ?,VXGR
X —X
% is known as tangent byperbolic function and it is denoted l:y taiz)/(ax.
This tanbx is a real valued function with domain R. Thus, tanhx = %,VXER
e* +e
The reciprocal functions of the above hyperobic functions are as follows:
X —X

2 2 €
cosechx=ﬁ,x¢0; sechx =————; cothx=—-—"—,x%0

e —e e*+e ¥ e*—e*
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2. Definitions, Graphs & Proofs of Hyperbolic &lnverse Hyperbolic Functions

X X 2 0y n
For any real x, the exponential function eX is defined as e =1+ 4+ = z A
r 2 o n
y A
Def 1: The hyperbolic sine function, denoted by sinhx y=sinhx
. . eX - e_x -« —
is defined as sinhx = T 0

The domain of sinhx is R and Range is R

Def 2: The hyperbolic cosine function, denoted by coshx

y=coshx
e +e

is defined as coshx = —— |

2 <

The domain of coshx is R and Range is [1,0)

Def 3: The hyperbolic tangent function, denoted by tanhx y ) '
eREEEEEEE BRI
e -e*
is defined as tanhx = ——— - 3 —>
e’ +e 4
= R
The domain of tanhx is R and Range is (—1,1) ‘ Y- tonhx

Def 4: The hyperbolic cotangent function, denoted by cothx ~ -_._____ 1 _-__¥__
_ et +e % 0 7
is defined as cothx= ———— ... f._______
e —-e -1
The domain of cothx is R-{0} & Range is (—o0,1)(1,00) ! y=cothx

Def 5: The hyperbolic secant function, denoted by sechx

5 N

e +e*
The domain of sechx is R & Range is (0,1]

Def 6: The hyperbolic cosecant function, denoted by cosechx \
2 0
is defined as cosechx = —,
e —-e y=cschx

The domain of cosechx is R—{0} & Range is R-{0} vy [

is defined as sechx =
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8.2.INVERSE HYPERBOLIC FUNCTIONS

Defl: The function f:R—R defined by f(x)=sinhx is a bijection.

The inverse of f from R into R is called inverse hyperbolic

sine function and it is denoted by Sinh~Ix. 0 g
Note 1 : Sinh~Ix=t < x=sinht, V xeR.

Note 2 : sinh(Sinh~'x)=x, Sinh~!(sinht)=t. y=sink” 5
oA

Def 2: The function f:[0,00)—[1,0) defined by f(x)=coshx is a
bijection. The inverse of f from [1,%0) into [0,) is called
inverse hyperbolic cosine function and it is denoted by CoshIx.

Note 1: Cosh™Ix=t < x=cosht, V xe [1,00)

Note 2: cosh(Cosh_lx)=x, Cosh_l(cosht)=t, where xe[1,0), te[0,0) S0

A

\ 4
=

1'% y=Cosh™ ' x
Def 3: The function f:R—(—1,1) defined by f(x)=tanhx is a bijection. E
The inverse of f from (—1,1) into R is called inverse - E
hyperbolic tangent function and it is denoted by Tanh~!x. - "E i b
Note 1: Tan~!x=t <> x=Tanht V xeR '
Note 2: tanh(Tanh™!x)=x, Tanh™!(tanht)=t for xeR, te(-1,1) ‘ yeTents
Def 4: The function f:R—{0}—(—o0,—1)U(1,00) defined by f(x)=cothx .
is a bijection.The inverse of f  from (—o0,—1)U(1,0) into ' ‘ 'K
R—{0} is called inverse hyperbolic cotangent function. B K x
and it is denoted by Coth™!x. ﬂl ‘ |
Note 1: Coth™ !x=t<>x=cotht,Vx eR— {0} y=Co™Lx
Note 2: coth(Coth_lx):x, Coth_l(cotht):t for xeR-{0}, te(—o0,—1)U(1,0)
A
Def 5: The function f:[0,00)—(0,1] defined by f(x)=sechx is a
bijection. The inverse of f from (0,1] into [0,00) is called \
inverse hyperbolic secant function and it is denoted by Sech~!x. < o T
Note 1: Sech~!x=t < x=secht, vxe(0,1]
Note: sech(Sech_lx):x, Sech™! (secht)=t for xe(0,1], te[0,0). —
A
Def 6: The function f: R—{0}—> R—{0} defined by f(x)=cosechx is .
a bijection. The inverse of f from R—{0} into R—{0} is called K
inverse hyperbolic cosecant function and it is denoted by < >
Cosech~Ix. N
Note 1: Cosec™Ix=t < x=cosecht, vxeR-{0}. V= Cosech'x

Note 2: cosech(Cosech™Ix)=x, Cosech™!(cosecht)=t for xeR—-{0}, teR-{0}
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The domains and ranges of the inverse hyperbolic functions are as follows:

Function Domain Range
1. Sinh~!x R R
2 Cosh~Ix [1,00) [0,50)
3 Tanh~1x (=1,1) R
4. Coth™1x (—o0,—1)U(1,50) R—{0}
5 Sech~Ix (0,1] [0,50)
6 Cosec™1x R-{0} R-{0}

Theorem 1: Sinh™x = Ioge(X+\/X2 +1) for xeR
et_ _t
Proof: LetSinh™ x_t then sinht = x = sinht =

t_ 2x+\/4x +4

1
:>2x:et——t
e

:(et)2—2xe -1=0=>¢€ =x+yx% +1

Sincee! > 0wehavee! = x +/x +1:t:Ioge(x+\/x2+l)

— Sinh™x = loge (X + Vx? +1)

Theorem 2: Cosh™x = logg(x +Vx? —1) for x >1

et + e_t

Proof: Let CoshIx = t,then cosht=x andt > 0= x = cosht =

t 2xi\/4x2—4

= €e)2+2xe! +1=0= €' = . =x+Vx% -1

= t =10ge(X +/x2 —-1) =loge (X +x? —1)il =tloge(X + Vx? -1)

Sincee>0wehavet = Ioge(x+\/x2 -1)

1+ X
Theorem 3: Tanh x ——|09e(1

)fOI‘XE( 11)

Proof: | et Tanh_lx =1, then X = tanht

1 el+el! 1+x e retiel-et 288 o

X eg_egt 1-x gigt_gyiet 2¢t
:>2t—|oge(1+ j for xe (- ll):>t—ll 00e (1+Xj
1-X 2

1-x

_ 1 1+ X
Tanh I = Zlog.| === | for x e (1,1
- 2 ge(l—xj =19
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_ 1 X+1
Theorem 4:  Cothtx ==loge| —— | for |x|>1
2 x-1
Proof: Let Coth™*x =t, then x = cotht
t —t t —t t —t t
:>x:cotht=e +et x+1=e +e +e —e =2et=e2t
el —e X-1 e+e‘ —el+et 2

X+1 X+1 X+1
= 2t=log.| —— | for x>1:>t_—l = Cot™ x_—Io — | for|xp1
g 243 for 1x| Jioad X21] Stoa 2] forix|

[1+\/17]

Theorem 5: SechIx = loge for x e (0]]

Proof:  Let Sech™x =1, thensecht =x and t > 0
= X =secht = :>et+e_t:3:>(et)2—zet+1:0
e re X X
2. [4 A
x5~ s
et =X VX _1Evi-x for x e (0]
2 X
*

+1
2 / 2 / 2
=t= |oge[%\} = |oge[%] =+ |OQ[%J

Sincet > 0 we have

i 2
t= |og{u] — Sech2x = loge for x e (0]
X

1+ \/1—x2
X
/ 2
Theorem 6: Cosech ix = |oge[u] if x>0
X

2
Ioge[#] if x<0

Proof: Let Cosech™x =t, then x = cosecht

— X = cosecht = 2:>(et)2—get—1:0
X X
—i
_Xx 2 1+\/1+x ¢ 1441+ %2 ¢ 1-v1+%° .
>e=—"——if x>0ande =—if x>0
X

X

= t=1log,

{1+\/1+7X]

= Cosech™x = log,

{1+\/1+7}

if x>0andt=1loge

if x>0

if x<0

[1—\/1+7]

{1+\/1+7]

=10g, if x<O
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