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PRODUCT OF TWO VECTORS

1. INTRODUCTION PAGE

. No. of periods| Weightage in IPE
Sections (13 to 15) | 12,4 0r7 =6 or 13]

1. Scalar product; Angle between vectors, 9 2 or4or7 Marks
Orthogonal projections, vector equation
of plane

2. Vector product; vector areas 6 2 or 4 or 7 Marks

It is very familiar to science students that, the work (w) done by a body
depends on (i) magnitude of force (|[F |or F ) (ii) Magnitude of Displacement (| S |
or S) (iii) Cosine of angle between F and S (cos6). Thus, a scalar quantity W is
derived from two vector quantities, viz., F,S .

In Vector Algebra, a generalised treatment is given to such situations.
The scalar Product of two vectors is denoted by &b or (g b ) or Sab and it is also
called as dot product or inner product.

The first section starts with the definition of scalar product of two vectors.
Determining the angle between two wvectors is an immediate
consequence of the definition of dot product. Orthogonal projection of vectors is a
Mathematical application of the scalar product. Some importcmt things to be
remembered in this topzc are(i) a b areperpendicular=ab =0(i)i.j =0,i.i =1
(i) aada | —a?. Some geometric and trigonometric problems can be solved easily
using vector methods. The vector equation of the plane in the normal form is
expressed using the dot product as ' .\ = P and its cartesian form is lx+my+nz=p.
Also, we deal with tbe vector equation of the sphere with centre C(c) and radius "a"

2 — 2
e, |T -2rc+| =2

The science students are aware that certain vector quantities like
Moment of force, (T = xF ) angular momentum (I =r x [y) are expressed as
products of magnitudes of some vector quantities. In Vector Algebra, a generalised
treatment is given to such situations in the name of Vector Product or Cross product
or Skew product, which is denoted by & X1 or [, a‘,b_ JorVab for the vectors a‘,b_ .
Here, we are forced to raise our thumb into space in order to follow the vector g x|y -
An important interpretation of the cross product is that | g xy | which gives the
area of the parallelogram with g by as adjacent sides and it is followed by the concept
of vector area.
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2.PROOFS ON RESULTS ONVECTOR PRODUCT
1.  Vector Product:
Let é,B be two non-zero and non-collinear vectors and 6 be the angle between them then
the vector product of 3@, b is axb =|a|| b | in@n where fis the unit Pseudo vector perpendicular
to the plane containing @ and b and its direction is determined according to the Right Handed
Screw Rule.

Thus, axb =|a|| b |sinOf

Eg: Let O be a fixed point and P be a point on the line of action of'a force Fand OP=F
be the P.V of P w.r.to O, 0 be the angle between ¥ & F, f be the unit vector
perpendicular to the plane containing 7 & F then the moment of force m (Torque
or vector moment) about O is the cross product of 7 and F i.e, moment of
force of F about O is M = FxF =| T || F|sin6.A.

Rem: If either 3= (or) p= 0 (or) @b are collinear vectors then xp = 0

Note 1:The cross product of two vectors is a vector quantity which is perpendicular to plane of @, b
such that 3, b and zx] form a right handed system of vectors. Here, 3] is perpendicular

to both @& b. Hence axb is parallel to N.Also, a,b,A form a right handed system of
vectors.

Note 2: axb = bxa (the cross product is not commutative). Infact axb = —bxa (anti commutative
law) but |axb |=| bxa|

Note 3: axb =0« a,b are collinearor g=Q or p=0

Note 4: 3xa=0

Note 5: (axb)xfi =0 (- axb and { are parallel)

Note 6: (axb).a=0,(axb).b=0, (. axp is perpendicular to both 7 and p)

Note 7: 3 is perpendicular to b < axb =|a||b|h <|axb |5 a||b]|

Note 8: (Ié_)x(mt_)) = Im(éxB) for the scalars / meR.

*Note 9: |axb |5|a||b|sin®. (.- [sin6|=sin® for 0<6<180° and | {|=1)

Note 10: |axb|<|@||b]| (.- [sin6|<1)

Note 11: éx(B +C) = axb + axC (Proof is given in the next chapter. Vide Theorem: 9)

2. Unit vectors perpendicular to the plane containing a,b:

From the definition of cross product, axb =|a|| b |sin®f also |axb |=|a||b|sin®.
axb axb

n = — = —
[alblsn 6 [axb|

ol
ol

Note 1: The unit vectors perpendicular to the plane containing @ and b=+

B
o

E

laxb

Note 2: The vector of magnitude k perpendicular to plane of a,b = k(

|
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. _ = . |axb| T
3. If 6 is the angle between @, b then sin 6 = alb| (. from Note 9 : |axb|=|a]| b|sin6)
4. Cross product on the orthonormal traid (i_,], k) i
(i) ixi = 0 (- i,i are collinear)
(i) ixj =|i ||][sin90°. k=1.1.1.k =k i
Hence, ixi = (_),]X] = G,EXE =0 k J
=K jxk =1 kxi =]
and jxi = -k, kxj = —i,ixk = —j
5. Analytic expression for cross product:
i ]k
51.If a= ali + azj + a3R,6 = b1|7 + sz + b3E then éXB =lag ap ag
by by b3

Proof: @xb = (a4 +ay]+agk)x(bqi + by j+b3k)
= (aq)x(byi + by + bsk) + (aj)x(byi + by + b3k) + (azk)x(byi + byj + bsk)
= (aqi)x(byi) + (aqi)x(bo]) + (8qi)x(b3k) + (@z])x(bai) + (a2))x(b2]) + (B2])x(b3k)

+ (agk)x(byi) + (agk)x(b2]) + (agk)x(bzk)
= a1by (ixi) + agbo (X)) + aybz(ixk) + asbq (jxi) + asbo (jxj)
+aobg(jxK) + agby (kxi) + agb, (kxj) + agbs (kxk)
=2y, (0) + a9y (K) +aqb3(—]) +aghy (k) +ab,(0) +aghy (j) +agbs(i) +agby () +aghs(0)
i ]k
= i(aghs —agby) - j(a1bz —aghy) +k(ayby —aghy) =ja1 2 ag
- 8 o N by by bs
5.2. If 7 is any vector then | x(Tx i)+ jx(Tx j)+kx(Txk)=2r
Let F=xi+Yyj+2zk then ix(Fxi)=ix((Xi +yj+2K)x1)
= ixx(i x ) +y(jxi)+z(kxi))=1x(x(0)+y(-k)+2z(]))
= ix (—yl_< + ZT)

(-y)(i xK)+2(i x ) =(=y)(]) + z(k) = yj + zk

similarly, the other symmetric expressions give jx(Tx j)=zk+Xi and kx (T xK)=xXi +Yj

Cx(Fxi)+ ) x(Fxj)+kx(FxK)=(yj +2K) +(ZK+Xxi )+ (Xi +Yj)=2(xi +Yyj +2K)=2F .

6. Inter relations between cross product and dot product:

a

6.1. If 3, b are any two vectors then |3(5|2 +(ab)2:|a|2|6|2(0r) o =9 - @b)% =|
a

Proof: Let 0 be the angle between 3 & b
then axb =|a||b|sinbh = axb =|a||b|sin® (- |A=1)
Also ab :|§||B|cose.

“.|axb > +(@b)% =|al?|b[? sin0+|al?|b|? cos? 0 =|a|?|b|? (sin?0+cos?0) =|af’|b|?

ol ol
ol ol
ol ol

|
o]
ol

Hence |axb [°=|a[?|b[? —(ab)? = (aa)(b.b) - (ab)(@b) =

ol
ol o
ol

a
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6.2. If |axb|=|ab| then (g p)=45°

Proof: |axb < ab]| -
= |a||b|sin6 = |a| b]|lcosb|=> sinB=|cosb| = 6=45°.

7. If @, b,C are the sides of a triangle then zxb = bxc = cxa-

Proof: 3,b,C are the sides of AABC
= a+b+tc=0
= ax(a+b+c)=ax0
= axa+axb+axc=0=0+axb+axc=0
= axb+axt=0=axb=—(axct)=axb=txa ....(1)
Again a+b+C=0=bx(a+b+C)=bx0
—bxa+bxb+bxc=0
= bxa+0+bxc=0=bxt=-bxa

= pxc=axb --(2)
from (1) & (2) axb=bxCt=txa
8. Geometrical Intepretation of Cross product (Areas, Vector Areas):

Vector Area: Let A be the area of the region enclosed by a plane curve C having anti clockwise
orientation and if N is the unit vector perpendiuclar to the plane of curve in the right handed system
then A N is called the vector area of the plane region bounded by the curve C.

Note: The magnitude of vector area of a plane curve is equal to the area of the curve and its direction
is perpendicular to the plane of the curve.

1 —
Theorem 1.1: The vector Area of AABC is E(ABXAC)

Proof: Let Nbe the unit vector perpendicular to the plane of A,B,C such that AB,AC and N form
a right handed system of vectors.

_ 1 e
Now, vector area of AABC = (Areaof AABC)n = E(AB.AC) sin A(n) A
=%|E||H:|sinA(ﬁ)
1 R
==(ABxAC)
2
1 — —
Corolloryl : The Area of AABC is A =3 | ABXAC|
ol = — 1= = 1 —
Also, theareaof AABCis A=—|ABx AC|=|BCxBA = | CAxCB|
Corollory2: If A(3), B(p), C(T) are the vertices of AABC then the area of the triangle is
A= %|§x5+5x6+6x§|
Condition for collinearity of 3 points A(3), B(p), C(T) :
Corollary 3: The points A(F), B(lp), C(T) are collinear < Fxph+bxC+Cxa=0 i.e,ABxAC=0

Proof: If A(3), B(p), C(T) are collinear then vector area of AABC is Q and vice versa.
Hence, ABxAC=0 or axb+bxc+txa=0
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Theorem 2: If ABCD is a parallelogram such that K&ag&B then its vector area is Fxp.
Proof: Vector area of the parallelogram ABCD D C

= 2(Vector Areaof AABD) = 2[% (/ﬁxﬁ)] = ABXAD =axb

A B

[o}]

Geometrical interpretation of cross product:
Corollary: Area of the parallelogram with adjacent sides represented by @, b is | axb |

l [
Theorem 3:If AC,BD are the diagonals of a quadrilateral ABCD then its vector Area is > (ACxBD)

Proof: Vector area of the quadrilateral ABCD=Vector area of AABC+vector area of AACD.

_ 1 AB«AC)+ L(ACxAD) 2
2 2 C

:%(EX (_ﬁ) +A_CXE) =%((Exﬁ)+ (EXE))
:%(Rx(ﬁ+ﬁ))=l(p\_cxﬁ) " /

Corollary: The area of the quadrilateral ABCD with diagonals AC, BD is — | ACxBD |

Note: If dl, dz are the diagonals of a quadrilateral (or parallelogram) then its area is = | d1 X dz |

8. The length of the perpendicular from a point to a line in space:
Consider AABC and AD be the length of the perpendicular from A on to BC

1 1 —=,—
Now, Area of AABC = E(base)(height) =5 |BC||AD| A
Tmeamly
2(Areaof AABC) 2 51BC*BAl |BexBa| J
|BC| |BC| |BC| B D
Ex: If B=(2,1,-2), C=(0,-5,1) then find the perpendicular distance from A(1,4,-2) to BC.
Sol:  Let OA =i+ 4j—2k OB =2 + ] 2k,0C=-5]+K

=|AD |- C

T ANy T " A
Now, BA =0A —OB = (i +4j — 2k) — (2i + j — 2k) — (i + 3))
BC=0C-0B =(-5j+k)—(2i +j— 2k) =—2i — 6j + 3k 5
. |AD| B C
Ind = — D
From AABD, BA| (D) -
By the definition of cross product, sind = M we(2)
IBA||BC|
|AD| _[BAxBC| |—|_|ﬁx|3_c:|
From (1) & (2) |BA| |BA||BC| —|§3| ....(3)
i 7K
Now, BAxBC=|-1 3 0|=i(9-0)—j(-3-0)+k(6+6)=3(3i + j+4k)
2 -6 3

—|BAxBC|=3v3%+1% + 4% =326
326

Also, |BC(-2)2 +(-6)2 +32 =Ja9=7  -|AD| —— [from 3)]
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3.PRODUCT OF THREE, FOUR VECTORS

3. INTRODUCTION PAGE

. No. of periods | Weightage in IPE
Sections @ to 9) [1x4 or 1x7]
1. Scalar Triple product, Skew lines S 4 or 7 Marks
vector equations of planes
2. Vector Triple product 2 4 or 7 Marks
3. Products of Four vectors 1 4 or 7 Marks

In the previous chapter, we bave learned two types of products viz., Scalar
Product(.) and Vector Product (x) of two vectors a,b. If we consider three vectors
a,b,c to be operated with and then 8 products of various combinations are possible
viz., (a.b).c, a.(b.c), (a.b)xc, a.(bxc), (axb).c, ax(b.c), (axb)xc, ax(bxc). But, bere it is
evident that the products (a.b).c, a.(b.c), (a.b)xc, ax(b.c) are meaningless and (axb).c,
a.(bxc) are scalars where as (axb)xc, ax(bxc) are vectors. Hence, a.(bxc) or (axb).c
are called Scalar Triple Products and (axb)xc, ax(bxc) are called Vector Triple
Products.

The Scalar Triple Product (S.T.P) of a,b,c i.e., a.(bxc) or (axb).c,

denoted by [a,b,c] is called box product and the magnitude of its value gives the
volume of the parallelopiped with a,b,c as its coterminous edges.

The condition for complanarity of three vectors is determined using the box
product of three vectors; i.e., a,b,c are coplanar < [a,b,c]=0.

A special case of two lines in space is, non-intersecting and non-parallel lines
called Skew Lines. The shortest distance between two skew lines can be determined
using S.T.P.

Once again, the vector equation of planes are treated bere in the S.T.P mode.
Here, we discuss about the vector equation of plane passing through (i) three points
(ii) two points and parallel to a vector (iii) a point and parallel to two vectors. In this
context, a formula to find the perpendicular distance from the origin to a plane is
derived.

In section-2, Vector Triple Product is defined and it is expressed interms of
dot product.

With four vectors a,b,c,d and 2 operations . and x, we consider two useful and
meaningful operations viz., (axb).(cxd) (Scalar Product of four vectors) and
(axb)x(cxd) (Vector Product of four vectors).
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4.PROOFS OF RESULTS ON STP
SCALARTRIPLE PRODUCT

1. Def: If @, b, T are any 3 vectors then the product of the type (éxB) .C is called scalar triple product
of the vectors @, b, C and it is denoted by [@abT]or (a,b,C)or[a, b,C].
Thus, [abcC] = (axb).c
2. Geometrical Interpretation:
Theorem 1: If 3 b,C are 3 non-zero non coplanar vectors and V is the volume of the
parallelopiped with 3, b, Cas coterminus edges then (i) (éxB)C =V if 3, b, ¢ form
a right handed system of vectors (ii) (éxB) ==V if a,b,c form a left handed

system of vectors.

Proof: Let 2=0A,b=0B,c=0C and A be the fB

unit vector perpendicular to the plane i ;
generated by @, bsuch thata, b, fi forma

right handed system of vector. Also

_ ) b
a,b,cform a right handed system of R
vectors = T, N lie on the same side of the G40 3 V
plane determined by @, b such that 6=(¢, f

~ C L
Nn)<90° Let L be the foot of the /
perpendicular from O on to the face opposite

the plane of 5_,5 .

We know that the volume (V) of the parallelopiped determined by the coterminous edges

3,b, T is equal to the product of area of the parallelogram with a,b as adjacent sides and

oL I
Now consider (axb).C=|axb]||T|cosd (-0=(c,n)andn|axb=>(axb,c)=0)

=|€1><B||a| ( from AOCL, cos8 =%:| &| cos® =|ﬁ|]
=V

Here (éxB) .C=V is positive (i.e, 3, B,E form a right handed system of vectors)

If é,B,E form a left handed system of vectors then V= (Exé) Cc= —(éxE) c

- (axb).c=-V.

But volume is a non negative quantity hence V=[[ab¢]|

Conclusions: (i) If (éxB) T is positive then 3, b, T form a right handed system of vectors.

(1) If (éxB) .C is negative then 3, b, T form a left handed system of vectors.
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Theorem 2: The volume of the tetrahedron with 3,b,C as co-terminus C

1. -~
edges is él[abc]l

Proof: Let OA =3 0B = b,0C =T be the co-terminus edges
of a tetrahedron OABC such that [Q b C]lis
a right handed vector traid.
The volume V of the tetrahedron OABC is B o

V= %(A reaof AOAB) x (length of the perpendicular from C to the plane OAB)

1 -
Area of AOAB = —(a>< b)

Length of the perpendicular from C to the plane OAB=Projection of C in the direction of
__(axb).c _ [abg]
axb ™ z.p|  |axb|
V=1[1|— p 2 J—iuéﬁm
3\ 2 |axb]) 6
3. Properties of Scalar Triple Product:

3.1.Theorem 3: Three nonzero noncollinear vectors 3 b, C are coplanar iff [a b C]=0

Proof: Suppose that @, b, C are coplanar.
Given that @, b are noncollinear =  lies in the plane generated by @, b and hence G is
perpendicular to gxp . Thus (éxB) c=0=>][a b C]=
Conversely, suppose that [3 b € ]=0.
Given that @, b are nonzero and noncollinear vectors = Zxp = 0-
But [a b €]=0 = (axb).C = 0=>axb is perpendicular to ¢ (. axb = 0, = 0)
But zxh is a vector perpendicular to the plane generated by @, b hence it follows that T lies
in the plane generated by @, b. Thus the vectors 3@, b, T are coplanar.

Note: If [5_5(_:]=O then é,B,Eare coplanar (or) any two of ﬁ,B,Eare parallel (or) any one of

5,6,(_: 1S a zero vector.
3.2. Theorem 4: If @, b,C are vectors then (axb).Cc = (bxc).a= (cxa).b.

Proof: If a=0o0rb=00rc=0 then it is clear that (axb) ¢ =(bxc)a=(cxa).b=0

Let a= 0,b# 0,C# 0 and suppose t that @, b, T are three coplanar vectors.

Then the planes generated by 2& b:b& T, €& a coincide.

Let the plane containing the vectors @, b, be denoted by ©

Then axb, bxC,txa are perpendicular to the plane © and hence (éxt_)) c=0

. (axb).c = (bxc).a = (cxa).b=0

Suppose @, b, T are three non coplanar vectors.

Let V be the volume of the parallelopiped with @, b, € as coterminous edges.

Suppose 3, b, T form a right handed system.

Then (axb).c =V

Since 3, b, form a right handed system, b,€,a and T, 3, balso form right handed systems.
(bxc) a=V,(cxa)b=V
. (axb).c= (bxc) a=(cxa)b=V

Slmllarly if @, b, T form left handed system then we can s.t (axb).c = (bxc).a = (cxa).b = -V
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3.3. Corollary: If 3, b, Care vectors, then (axb).c = a(bxC) (that is ." and 'x' are interchangeable)

Proof: (éxB) C= (Exf:) a= é.(EXE) [Since, dot product is commutative]
3.4. Theorem S:If 3@ b, Care three vectors, /,m,n are three real numbers then [Ia nb,nc) =Imria b,q
Proof: [I@, mb,nc] =(lax mb).nc = Im(axb).nc
=Imn{ (axb).c€} = mn[a, b, T]
3.5. Theorem 6: If 3,b,C,d are any 4 vectors then [a+b,c,d] =[a,c,d]+[b,c,d]
Proof: [a+b,T,d] = ((@+b)xc).d = (axc + bxc).d
= (ax

©).d+ (bxc).d
= [a,c,d] +[b,c,d]

3.6. Scalar triple product on the orthonormal traid (T,],E)
(ixj)k =kk=1
Hence [i jK]=1=[jkil=[kijJ=-[jikl=-[i k jJ=-[k ji]

~ ~ o - ~ B \ ~ B & & ag
3.7.Theorem 7: If a=a&i +ay]+agk, b=y +byj+bs3k,C=Cji +Cyj+C3K then [abq=|b; b, by
G C C3
i j k
Proof: bxT=|b by bs|=i(byc3—~b3cy)~ j(bycs —bzcy) +k(byc, —byoy)
G C C3
& & &
a(bxc) = ay (bac3 —b3cp) —ap(byc3 —b3cy) +ag(biCy —byg) =|bp by bs
G C C3
3.8. Result: If @=a;p +a,q+ agf, b = byp +byq+ bgf,C = ¢;p+C,q + Cgf where P,0,T form a
8 az ag
right handed system of noncoplanar vectors, then [@bTl=|by by b3[pGT]
€ C2 C3

3.9.Theorem 8: If 3,b,Care three vectors, then (i) ax(b + €) = (axb) + (axc)
(i) (b+C)xa = (bxa) + (cxa)
Proof: (i) If T is any vector, then T{ax(b + C)} = (xa).(b+C) (. a.(bxc) = (axb).c)
=(xa).b + (rxa).c = T.(axb) + T.(axc)
= t{ax(b+ )} -T.(axb) - F(axc) = 0
= f{ax(b+T)-axb-axc} =0=ax(b+C)-axb—-axc=0
= ax(b+€) = (axb) + (axc)
(i) (b +T)xa = —ax(b + T) = —-[(axb) + (axt)]
= —axb—axc = (bxa) + (cxa)
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5. PROOFS OF RESULTS ON VE OF PLANES IN STP

VECTOR EQUATIONS OF PLANES (INTERMS OF STP)
Theorem 1:  The vector equation of the plane passing through the points A(3),B(p),C(T)

is [Fab]+[f bg]+[f ca=[abg](or) F.(ab+bxc+o@) =[abd-

Proof: Let P be any point on the plane of ABC and O be the origin of reference then
OA =30B=b,0C=¢C and OP=F.
The condition to be satisfied by P is that P,A,B,C are coplan

ar.
. - (C)
= AP,AB,AC are coplanar.= [AP,AB,AC] =0 %_ éj/_ "
a
\L
\l 7

)
(b)

m_‘

= [OP-OA,0B-0A,0C-0A]=0

= [f-ab-3c-3a =0=(r-a).(b-a)x(c-a) =0
= (7 —a).(bxc — bxa—axc + axa) = 0 v
= (r—a).(bxc+axb+cxa+0)=0

= (r-a).(axb+bxc+cxa) =0

= T.(axb + bxC + cxa@) — a.(axb + bxc + txa) = 0

= T.(axb + bxc + cxa) —[(aaxb) + a(bxc) + a(cxa)] = 0

= T.(axb+bxc+cxa)-((aab]+[abcl+[aca)=0

= T.(axb+bxc+cxa) - (0+[abc]+0)=0

= T.(axb+bxc+cxa)—-[a b c] =0

= T.(axb+bxc+cxa)=[ab T . (1)

=[Fab]+[FbT]+[Fcal=[abTt]

Corollary: The perpendicular distance from the origin to the plane passing through the points
_llabg]|
(axb + bxc + txa)|

Proof: Let us reduce (1) into the equation of the plane in the normal form.
Dividing (1) by |axb + bxt + cxal> we get
(axb+bxc+cox@) [abT]
‘| (axb+bxc+cxa)| |(axb+bxc+cxa)|

,which isinthenormal formT.n=p

I[abd]]

| (axb + bxT + ©x@) |

.. the perpendicular distance from the origin to the plane is
Note: The cartesian equation of the plane passing through the points A(a;,a,,a3), B(b,b,,bs),

X-8 Y-a& <7-&
- by-ap bz-ag
GQ—& Cr—a C3—ag

C(cy,¢y,c5) is given by [ P,E,A_C =0= =0
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Theorem 2:The vector equation of the plane passing through A(3 ) & parallel to b, T is [r b q= [él_) d

Proof: Let P be an point on the plane passing through A( ) and parallel to b, ¢
Let O be the origin of reference such that OP = F,0A = a.
The point P on the plane is such that AP, b, T are on parallel planes.
= [AP, b, €| = 0=[OP-OA, b, €] =0
= [f-a b, C]=0=[rbc]-[abc]=0
= [fbc]=[abq]

Note: The Cartesian equation of the plane passing through the point A(a{,a5,a3) and parallel to

the vectors p=(by,by,b3), T=(c;,¢9,c3) is given by [ AP, b, c]=0=

a & G3
Remark: The vector equation of the plane containing the line T=a+tb,te R and per
pendicular to the plane TC=qis[T b¢C]=[a bT]
Proof: For the plane T.C=(q, the vector ¢ is a normal. Since the plane contains the line ¥ =3 + tb,
it passes through the pointg and is parallel to the vectors b and €.
. The vector equation of the planeis [ T b¢T]=[a b T]
Theorem 3:  The vector equation of the plane passing through A(3), B(p) and parallel to € is
[Fbc]+[Fcal=[a b¢] (or) T.(bxC +cxa) =[a b T]
Proof: Let P be a point on the plane passing through A(3 ), B(p) and parallel to ¢
Let O be the origin of reference such that O_P = F,O_A = é,@ =b.
The point P on the plane is such that Ap and AR are parallel to T
= [AP AB €] =0=[OP-OA,0B-0A,c] =0
= [f-a,b-3Cc]=0= (r-2a).(b—a)xc) =0
= (r—a).(bxc—axc) =0
t.(bxc —axc) —a.(bxc —axc) =0
T.(bxc + txa) — (a(bxc) + a(axc)) = 0
f.(bxc+cxa)—([abtc]+[aac)) =0

R

= T.(bxc+cxa)=[abc] =[Fbc]+[fcal=[a bT]
Note : The Cartesian equation of the plane passing through the points A(aj,a,,a3), B(b;,b,,b3) and

X-a y-& z-3
b-a by-a bsa%o

G %) G

parallel to the vector € =(c},¢y,c3) is given by [ AP, AB,T]=0=
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6. PROOFS OF RESULTS ON VECTOR TRIPLE PRODUCT

1. Def: If 3,b,C are any 3 vectors then the vectors of the type (ép(E))xf: anda((b(f:)are called
Vector Triple products of 3,b,¢C.

Note 1: (éxB)xE is a vector perpendicular to both gxp and T.
Note 2: In general, (axb)xc= ax(bxc)

Note 3: (axb)xc 0> (i) axb ||c i.e., C is perpendicular to plane containing @ B
(i) 3, b C are mutually perpendicular
(1ii) §.||B when @ # 6,5 #0,c20
(iv) either of é,B,(_: is a zero vector.

2. Theorem 1: If 3,b,C are 3 vectors then prove that (axb)x¢ = (a.c)b - (b.€)a.

Proof: Case1:Ifa=0 o

r b=0 or T= 0 then it is clear that (axb)xc = 0= (c.a)b—(ch)a.
Case 2: Let @a=#0,b#=0,c#0

Sub-casel: Suppose @, are parallel then b =A@, LeR and axb=0 = (&b)xC =0
Now, (Ca)b— (Cb)a= (Ca)(\a) -[c.(\a)|a=ACa)a-ACa)a=
~.(ab)xc=0=(cab—(ch)a
Sub-case 2: Suppose 3, b are not parallel and ¢ is not parallel to Fx b
Without loss of generality, we take a=ayi , b= byi + b,j, T= Cqi + Cpj + Cgk
Now axb = agix(byi + b,]) = (agixbyi) + (agixb,])

= (ayb1)(ixi) + (a1b2)(ix)) = (a1b1)0 + (agbp)k = aybyk

i ]k
L(@b)xC=[0 0 a&by|=1i(0-Cy(aghy) - j(0—c(aghy)+Kk(0) = aybocyj —aybyocoi
G C GC3

Now, (ac)b - (b)a=[ayi.(Cyi +Cpj +C3K)](byi + by j) —[(byi +byj).(ci +Coj +C3K)]ayi
=ay0 (byi +0 )~ (bicy + byCo)ani = ancibri +acyby j —byeiari —byCoai = aybycy j —arbycyi
- (axb)xc = (c.a)b—(c.b)a
Corollary: If 3, b, T are any 3 vectors then prove that ax(bxc) = (ac)b— (ab)c.
Proof: éx(Bx(_:) = —(Exf:) xa=— (é_B)E - (ELE)B} ( From the above theorem)
= —(ab)c+(ac)b = (ac)b-(ab)c.
Note: From the above theorem and corollary, it follows that
(axb)xc = (ac)b— (b.c)a, which is a vector in the plane of @b
ax(bxc) = (ac)b — (ab)c, which is a vector in the plane of b, ¢
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3.Theorem 2: Prove that (axb)xC = ax(bxc) = a,C are collinear or (Cxa@)xb=10.
Proof: Let (axb)xc = ax(bxc) < (ac)b - (b.c)a= (ac)b- (ab)c.

< (bc)a=(ab)c = a,c are collinear (. 3 = tC, teR)

= (bt)a—(ab)c=0< (cxa)xb=0
4. Show that (bxc)x(cxa)=[abdc, using this prove that [bxc cxa axb]=[abc2&write a conclu-
sion.
Proof: (bxc)x(cxa) ={ (bxc).atc—{ (bxc).cta (- ax(bxc) = (a€)b - (ab)c)

=[b calc-[b c cla

Now,[bxc cxa axb] =[axb bxc cxa]
= (axb){(bxc)x(cxa)} [ [abc] = a(bxT)]
= (axb).Jabclc  [from (1)]
= ((axb).©)[abc]

—[abc][abc]—[abc]

Conclusion: If @b, enoncoplanarthen[abc]¢0:>[abc] #0
f

o @

are non coplanar then (axb), (bxc), (cxa) are also non coplanar.
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7. PROOFS OF RESULTS ON
PRODUCT OF FOUR VECTORS

1. Scalar product of 4 vectors: Ifd, b, €, d are any 4 vectors then the scalar of the type (axb).(cxd)

is called a scalar product of the 4 vectors @, b, ¢, d.

Q.

ol ol

[¢
[¢

o

_ _ _ _ o a
2. Theorem: If 3, b, T, dare any four vectors then P.T (axb).(cxd) = (ac)(bd)—(ad)(bc)= b

Proof: (éxE)((_:xa) can be treated as the scalar triple product of aB andexd

.. (axb).(exd)=a{bx(€xd)}[- (axb)c=a(bxt)]=a{(bd)c—(bc)d}

=(ac)(b.d) - (ad)(b). (- (b.d) and (b) are scalars)

ol ol

d
d

ol ol
ol ol

o

Note: In the above result, instead of € and ¢ if § and p are taken, then we have

(axb)x(axb) =|axb [°<|a[*|b|* ~ |ab >

3. Vector product of 4 vectors: If @, b, €, d are any 4 vectors then the vector of the type (axb)x(cxd)
is called a vector product of the 4 vectors @, b, €, d.

4. Theorem: If 3, b, T, d are any 4 vectors then P.T (&b)x(cxd) =[ac dlb-[bcdja=[abdc-[abd]d.
Proof: Let Txd =M

= (axb)x(cxd) = (axb)xm = (am)b - (b.m)3, ,

=(acxd)b - (b.cxd)a
. (axb)x(cxd) =[ac dlb-[bcT d]a...... (1)
Again (axb)x(cxd) = —(cxd)x(axb) = {[c @ b]Jd—[d @ b]c} [as from (1)]

=[dab

| S—
ol
.
ol
l
o
o

- (axb)x(cxd)=[a b dlc-[abclb ... (2)

From (1) and (2), (axb)x(cxd) =[ac d]b-[bc dla=[abdlc-[abc]d.
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ADDITIONAL QUESTIONS ON VECTOR PRODUCT

1. a,b,© and ( are the position vectors of four coplanar points such that
(@a-d).(b—T)=(b—d).(c-a)=0. Show that the point grepresents the orthocentre
of the traingle with 3 pand ¢ vertices.

Sol:  Let P.V's of A,B,C,D are OA=3, OB=hb, OC=¢,0OD=d
(i) Given (a—d).(b—¢) =0
= (OA - 0D).(OB- OC)=0=DA.CB=0=DA LCB....(1)
(ii) Given (b—d).(c—2a) =0
= (OB- OD).(OC- OA)=0=DB.AC=0=DB LAC....(2)

From (1) & (2) we conclude that D() is the orthocentre of AABC.

2. For any two vectors daand b, show that
(i) |abl<|al|b| ( Cauchy-Schwartz inequality)
(ii) |z_i+t_)|§|é|+|5| (Triangle inequality)

Sol:  If a=0or b=0 then the given inequalities hold trivally.

h ab

So, assume that |a = 0#|b|. Then ﬁ# cosO <1
Hence |abl|a||b|
(i) Consider |a+b|?= (a+b)?>=(a+b).(a+b)= aa+ab+ba+bb

= |al +2(ab)+|b[?, (Scalar product is commutative)

Jaf +2|ab|+|bP (-x<Ix|vxeR)

=2 15 IRl 1B R (from (D)) — (151 1512
<al” +2|a|lb|+|b[* (from (i) =(|al+|b])

Hence |§+B|§|ﬁ|+|5|
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3. G is the centroid of AABC and a,b,c are the lengths of the sides BC,CA and AB

respectively. Prove that a2 + b2 +c? = 3(OA2 +OB2 + OCZ) - 9(0(;)2 where 'O' is
any pont.

Sol:  Let the P.Vs of vertices A,B,C of AABC are OA, OB, OC.
Also |§:| =a, |a| =b, |A_B| =C;
G is the centroid of AABC = OG = M
— 30G =0A + OB+ 0OC
= 90G? = (ﬁ+@+&)2
R.H.S=3(0A? + OB? + OC?) - 9(0G)? = 3(0A? + OB? + OC?) — (OA + OB + OC)?
=30A? +30B? +30C? - OA? - OB? - OC? — 20A.0B - 20B.OC - 20C.OA

—20A2 +20B2 + 20C? - 20A.0B - 20B.OC — 20C.0A

=[OC? + OB? - 20B.OC] +[0A? + OC? — 20A.0C] +[OA? + OB? - 20A.0B]

—(OC-0B)?+(OA—-0C)? +(OB-0OA)2 =BC° +CA° +AB- =2 +b? +c2 =LHS
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4 Let a=2i +3j+k,b=4i +j and T=i-3j-7k. Find the vector Tsuch that
Ta=9,Th=7and TC=6

Semi Sol:Let T =X +Y] +zK
NowTa=9= (xi +yj +2k).(2i +3]+k)=9=2x+3y+2=9.....(1)
Th=7=(Xi +yj+2K).(4i + [)=T=4X+y=T........ )

TC=6=(Xi +Yyj+2K).(i =3] —-7K)=6=>Xx—-3y—-72=6........ (3)

Solving these equations we get x=1, y=3, z=-2

L T=i+3]-2k

5. Find unit vector orthogonal to the vector 3i + 2| + 6k and coplanar with the vectors
2i+j+k and 7 -] +k

Semi Sol:Let @=2i + j+k, b=i-j+k, €=3i +2]+6k

Let T be a vector coplnarar with 3, b and orthogonal to T.

ThenT = xa+yb where x,y are scalars. Also T.€=0and |T|=1........ (1)

Now, T=xa+yb=x(2i + j+k)i +y(i — j +k)

—ST=(2X+Y)i +(X=Y) ]+ X+Y)K......(2)

From (1),(2) T€=0=[(2x+Y)i +(x—Y) ] + (x+y)k].(3i +2] +6Kk)
=3(2x+Yy)+2(x-y)+6(x+y)=0

> UAX+7y=0=>y=-2X

Also from (1), |TE1= (2x + V)% + (x = y)% + (x +y)? =1

:(4x2+y2+§x§)+(x2+y2—2xy)+(x2+y2+2xy)=1:9x2+x2=1:10x2 =1

1 I
:X—iﬁ Hence y=—-2x J10

. From (2) we get T = 3j-k)

1
“o
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6.

Sol:

If 3,b, T are 3 vectors then prove that (axb)x¢ = (c.ab-(cb)a
We take B=agi+a,] + agk, BobyT+b, ] + bak, S=0,7+C, ] + 6ok ) AP 15,19
i j k
ax E =y ay ag|= i (azbg — b2a3) - J (alb3 - b1a3) + k(a1b2 — b1a2)
by by by =T (asbs—aghy)+ j(aghy —aybs) + K(ab, —aghy)
T j Kk
(@xb)xT=|abg—agh, aghy-abs ab,-ash
il C2 C3

= i[(aghy — abs)Cc3 — Co(ayby — asby)]

~[(aghz —aghy)cs — ¢y (aby —azby)]
+k[(azbs - aghy)c; — ¢y (aghy — a3bs)]
= T[agbics — 83h3Cs — 83hC; + 8biCo]
~ j[agbacs —aghacs —a3b,c; +agbicy]
+K[aob3Cy —aghyCy — aghyCy +ayaty] oo (1)
(Ca)b-(chya
= (Cay + Co8 +C38g)(by1 + by | + bk) — (Cyby +Cob + C3bs)(agi +ay | +agk)
= T[(c12y + € +C3a)by — (¢1by +Cob, +C3bg)ay]
—J[(cyq + Cap +C3ag)by + (Cyby +Cob; + C3bg)ay]
+K[(cyy + o8 +C3ag)bg — (Ciby + Cob, + C3bg)ag]
=T (b€ +apbic, +aghicy —arkiC; — abycy — aybaCa)
— [ (—2qbyCy ~85b5C; —aghyCs +arbiCy +8285C, +abscs)
+k(agbsey +abcy +agb3Cs — aghicy - agh,C, —aghsts)
= i (aghyC3 — abscs — ayh,Cy +azbyCy)
~(aghaCs — aghycs ~ aybocy +agbicy)

+E(a2b302 - a3b2C2 - a3b10_]_ + a1b301) ........... (2)
From (1) & (2)

(axb)xc=(cab-(Chja
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7. If a=7-2]+kb=2i +]+k,c=7+2j -k then find ax(bx<C)and |(@axb)xc|.

Sol: Given a=i-2j+kb=2+j+k,c=i+2j—k

1) To find @ax (bxT), first we have to find bx € (term in the bracket)

i ok
bx6=i ; 1 =i(-1-2) - j(-2-) +k(4-1) =-3i +3] +3k
i J kK
Sax(oxQ=1 2 N T g 9 T3+3+K(E-6)
-3 3
=—9i -6] -3k

2) To find (ax b)x T, we have to find @ax b (term in the bracket)

axb=

N
I
N
[ |

=T(2-)-J(@-2) +k(1+4) =37 +] +5K
i

s (axb)xc=|-3
1

N P
o x|

=i(-1-10)- j(38-5)+ k(-6-1)

=-11i +2j -7k

s @xb)x T -11i +2j - 7K|

12+ (% + (1) =120+ 4+ 49 =174
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8. Ifa=i-2j-3k b=2i+j
i ]k
A bxT=|2 1 -1=i(-2+3)-j(4+1)+k(6-1)=i+3j+5k
1 2 -2
i j k
ax(bxT) =1 -2 -3=i(-10+9)- j(5+3)+k(3+2)=—i -8 +5k
1 3 5
i ] k
bxt=|1 -2 -3=i(2+3)- j(-1+6)+k(1+4)=5i -5j +5k
2 1 5

i ]k
(@axb)xt=|5 -5 5|=i(10-5)— j(-10-5)+k(15+5) =-5i +15] + 20k

1 3 -2

- ax(bx€) = (axb)xt
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9.

Sol:

—

If 51,5 and C represent the vertices A, B and C respectively of A ABC, then prove
that (ax 6) + (BXE) + (6>< gl) is twice the area of A ABC.
P.V's of A,B,C are OA =3,0B =D, andOC=¢. Then
AB=OB-OA=b-a and AC=0OC-OA=t-a
11— —
Area of A ABC = E‘ABXAC‘

— 2(AreaAABC) = ‘EXA_C\ —| (OB — OA )x (OC—OA) | =\(5—a)x(6—5)\

Hence proved the result.

10.

Sol:

Ifa=i+j+k,c=]—k then find vector b such that axb=¢ and ab=3
Givena=i+j+k,c=j—k and ab=3
Let b=b,i+b,j+b.k

ab=3= (i + ] +Kk).(bji +byj+bgk)=3=b; +by + by =3.......... @)

ik
Also axb=¢t=[1 1 1|=(j-k)
by bz b3

= i(b3—bp) - j(b3—by) +k(bz —by)
= i (b3 —bp)+ j(by ~b3) — k(b ~bp)
Equating the coefficients of i_, ], Kk respectively we have
b3-by=0; by -b3=1 ;(b-bp)=1
=>b3=by;b-bg=1 ; by-by=1=by=1+bo............. (2

-k
-k

Also from (1), by +by +bg =3=> (1+ b2)+b2+b2=3:>3b2=2:b2=§=b3

Hence, by =1+by =1+

wlnN
wl o

- Required vector h = b,j+b,j+b,k = §|_ +5j+5k
3 3 3
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1

11. Let € and &, be unit vectors including angle 0. If E|§l —_%| =SINA0O then find A.

1. _ . _ .
Sol:  Given @, €, are unit vectors and (§,8,)=6  Also, §|Q._92|=9”ke:>|el_ez|=25”k9

=8 -8 =(25n160)? = (8° +[&)" - 28.8,) = 4sn*(16)

= (1+1-2[g)[8,| cosb) = 4sin® 10

= (2-2(1)(1) cosh) = 4sin® L0 = 2(1— cosb) = 4sin’ 1O

. 26 . . . 1
:Z(anz—j:/(snzw —sn22 _gnZy0 A==
2 2 2
12. If 3,b,C are three vectors of equal magnitudes and each of them is inclined at an
angle of 60° to the others . If |a+b+C|=+/6 then find |3| m

Sol:  Given that 3, b, € have equal magntiude=> laH b = € |= A (say)
Angle between the pair of vectors is 60°= (@, b) = (b, €) = (¢, a) = 60°
Now|a+b+CP=aP +|bf +|cf +2(@b+ bt +<a)
=22 +22+12 +2|a||b|cos60°+2| b || T | cos60°+2| T || a | cos60°

=32+ 22 [%) + 22 (%j A% (%) =612 sJa+b+cl 61

Given |§+E+E|=\/€;.X=1 SlalEl

13. Let 3,b be two non-collinear unit vectors. If @a=a—(a.b)b and p=axb

then show that |f|=|w|.
Sol:  Given that 7, b are unit vectors. =|al=1,|bj=1
ab=|a||b|cos6=1.1.cos6 = cos®
Now, |BP=laxbP=aP|bP —(ab)?=1?x1% - (@b)? =1—c0S2 0 = SN2 0 ----vevvr (1)
Also |a P=|a-(ab)b[P=|al +(ab)?|b]? —2(ab)?
=1+005?0—2c0s% 0 =1—C0S> O =SiNZ -vvvvoo- (2)

From (1) & (2), |BH @
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14.  For any two vectors 3, b show that @+|al)@+ |bP)=l1-abf +|a+b+axbf
Sol:  Let (a,b)=6

RH.S= |1-abJ +|a+b+(@axb)

=[1+(@@b)? - 2@Db) +[|af +|b +|axb [ +2(ab) + 2[b.(@x b)] + Za.(ax b)]]

=1+ 3P| b? cos? 0 —2&B) + |a[? + |b > + |ax b[? + 2(&B) + 0+ 0 [ b.(axb) = Oanda.(axb) = 0]

=1+|aP|bP @-sin?0)+|aP +|bP+|ax b

=1+|aP|b -|aP|oP sin?0+|al +|bP+|axb

~1+aP|b P - |aBbsnZ0+|al +|b R+ |absnZ0 [-|axbialx|b|sin6]

=1+|af|bf +|af +|bF = 1+ [af)a+|bF) = LHS

15.  If A=(1,a,a%), B= (1,b,b2) and C= (1,c,c2) are non-coplanar vectors and m

V. | EAV Q_

2 3
b b% 1+b%=0 4o show that abc+1=0

Cc 02 1+03

Sol:  Given that A=(1,a,a2), B= (1,b,b%) and C= (1,¢,c?) are non-coplanar vectors.

1 a a
=A=1 b b2|#0.... (6

1 ¢ c?
a a 1+a°
2 3 =0
Given that b* 1+b
c ¢ 1+¢°
a al a a a 1 a a 1 a a2
=|b b? 14+b b®> b3=0 = b b +abch p b?=0
c c? c ¢ ¢ 1 ¢ c? 1 ¢ ¢

=A+(abc).A=0 =A(1+abc)=0 =1+abc=0 [--A=0]
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16. If3,b,C are non-zero vectors, then prove that|(axbc)a|b|ck>ab=bc=ca=0
Sol:  axb=|a||b|sin(@ b)i where p{ is a unit vector perpendicular to g and b
Now (axb).c=|a|/b|sin(@ b)(nc)=|a|/b|sin(@b)|f|c|cos(n,c)
=|allblsin(@b)cos(n,?) || () =|allbl|T||sin(@ b)cos(i,c)  [-|f|=1]]
Giventhat |(axb)|Ha||b|c|=|a|/b||c|sin(@ b)cos(n,€) =|a||b||c|= sin(@ b)cos(n,c) =1
=sin(@a b)=1 and cos(N,€) =1 =3 and p are perpendicular and p is parallel to ©
—a and p are perpendicular and € is perpendicular to both 3 and p
.. ais perpendicular to p, p is perpendiculartoc and g is perpendicularto g
< ab=bct=ta=0
17. Let a=i-k, b=xi+j+@0-x)kandCT=yi +xj+(@+x-y)k, prove that the
scalar triple product [@ b T] is independent of both x and y
Sol:  Givena=i-k, b=xi+j+@0-x)kandT=yi +xj+({1+x-Yy)k
i ] k
axb=[1 0 -1|=[i(0+)-jld-x+x)+k(@-0)]=i-j+k
X 1 1-x
Now [a b €]=(axb).c=(i — j+K)[yi +Xj +(1+x-y)K]
= 1(y)+=D)*+(1) (1+x-y) = )/ - )(/ +1+,X/ —)/ =1=a constant
Hence [@ b €] is independent of both x and y.
18. For any four vectors a,b,Cand d, prove that
(i) (ax b)x (cx d) =[acd]b-[bcd]a and (i) (ax b) x (¢ x d) = [abd]c —[abc]d
Sol: (i) Let txd=p

(axb)x(cxd)=(axb)xp=(ap)b-(bp)a=(a(cxd)b-(b.(cxd)a

(i) Let axb=7
(axb)x(Cxd)=gx(cxd)=(q.d)c-(g.c)d=((@xb).d.)c-(axb).c.)d

=[abd]c-[abc]d
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19. Let b= 2T+T—R,E =i +3k. If 3 is a unit vector then find the maximum value of
[a b T
Sol:  Let a=xi +yj+zk suchthat X2 +y2 +72=1 Alsob= 2T+T—E,E=T+3E.
Xy z
~[abgl=[2 1 -Y=x(B-0)-y(6+1)+2(0-1)=3x-Ty-z
1 0 3
Butx?2 + y2 172 = 1, ..the maximum value of 3x—7y-z is
J@2+ (7% +(-)? =9+ 49+1=/59
20, Leta=i-j,b=i-k T=Kk-—i.Find unit vector g such that ad=0=[b € d]
Sol:  Given that ézT—T,Bzi_—R, T=k-1i

Let d=Xi +yj+2zk be a unit vector= |d=1=>x2 +y2 +72=1

Since ad=0=(i — ).(Xi +Y]+ZK)=0=>Xx-y=0=X=Vy........ o)

and [bcd=0=

0 1 -
-1 0 1.‘:0:>0(O—0)—l(—z—x)—1(—y—0)=0:>x+y+z:0 ,,,,,,,, 2)
Xy z

From (1) & (2) =>x+x+z=0 =>z=-2x
Nowx:y:z=x:x:2x=1:1:-2

Put x=\ then y=A and z= 2. Then d=A(i + j —-2k),AeR

Unit vector along ¢ is aziiz.;.}"(i +j —2K) :i[i + ] —ij
J6

] ~ A(1+1+4)
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