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10.PROPERTIES OF TRIANGLES

1. INTRODUCTION PAGE

. No. of periods Weightage in IPE
Sections (15) [1xd+ 1x7 =13]
1. Properties of Triangles-I 9 4 or 7 marks
2. Properties of Triangles-II 6 4 or 7 marks

The three sides and three angles of a triangle are called the six elements of
the triangle. When three elements of a triangle are given, atleast one of them being
a side, then the remaining three elements can be calculated and this process is known
as 'solving a triangle’ . For this, we have to depend on some formulae known as sine
rule, cosine rule, tangent rule, projection rule etc., Problems related with the sides,

angles, balf angles, inradius, exradius etc., are dealt with in this topic "Properties

of Triangles".

In AABC the angles at the vertices A,B,C
are denoted by A,B,C respectively. The sides BC,
CA, AB are denoted by a,b,c respectively. i.e, a,b,c c b
are the sides opposite to the angles A,B,C respec-
tively. B 3 C

The perimeter of AABC is 2S=a+b+c, where S is the semi perimeter.
The area of AABC is denoted by A
The circumradius, inradius of AABC are denoted by R, r respectively.

The radii of the excircles opposite to the vertices A,B,C are denoted by ry,ry, 13
respectively.

Some model problems on Heights & Distances are given at the end.
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ADDITIONAL QUESTIONS ON
PROPERTIES OF TRIANGLES-I

Sol:

Prove that Za?’sin(B—C)=O

LHS=> a’[asin(B-C)]= Y a’[2R.sinAsin(B - C)]

=R> a?(2sin(180°-B+ C)sin(B—C)) =R > _a’[2sin(B + C).sin(B - C)]
2 2

—2RY @ (sin?B-sn?C) = 2R Z(b__c_]

> a’(sn°B-sn“C)=2R) a pre—
_ L S 2rm2 v L 2002 o2y s 12002 _ a2) 4 (2 (a2 _ 2
= RZa [(b* —c)] 2R[a (b —c%) +b“(c® —a”) +c(a” —b“)]

1 1
_ZR( a2b? — 222 + b2c2 — a2b? + a2c2 — bzcz)=§,0=0=R.H.S

Sol:

b N asin(B-C) _ bsin(C—-A) _csin(A —B)
that = =
rove that = 2 2 2_a2 2_p2

asn(B-C) 2RsnAsn(B-C) sin(80°-B+C)sn(B-C) sn(B+C) 1
b2 — c? 4R%(sn’B-sn?C) 2Rsin(B+C)sin(B-C) 2R.sin(B+C) 2R

bsin(C-A) 1 csn(A-B) 1

Similary we can show that _CZ _ 2 "oR’ a2 _p2 " 2R

_asin(B-C) bsin(C-A) csin(A-B)

b? — c? c? —a? a% - b2

Sol:

sin(B-C
Prove that Z Zﬁ

L HS— za ( sin(B— C)j Za(a.\sin(B—.C))

sinB+sinC snB+sinC

. . B . . B 20 Gnl
=Za2R'S!nA'S'rT(B C):ZaZR.sn(B+C)§|n(B C)ZzaZR.(gn B .sm O
snB+snC snB+snC snB+snC

_zaZR.(sinB—sinC)(sinB+sinC)

(GnB+snC) = a2R(sinB-sinC) = Y a(2RsinB-2RsinC)
Snb+9n

=Za(b—c) =a(b-c)+b(c—-a)+c(a—b)=ab—-ac+bc—ab+ca-bc=0
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-B j (A +B j
cosec 5

= (bcosC + ccosB) —(acosC + ccosA)= a—b=2R(sinA—sinB)

4. Prove that (b - a)cosC + c(cosB - cosA) = c.sin ( A

Sol: L.H.S. = bcosC — acosC + ccosB —c¢ cosA

- 2R(2cosA FBgnAs Bj —4rsn2=B cos(goo_%)
A_BY. C ZR(anCcosC)sn(A_ B)
—4Rsm( )s'n—z 2 2C 2
2 )72 e
2

2RsnCs n(A Bj csjn(A;Bj

oo A28 41B)

5. Show that (i) (a+ b)tan(

b+c 2 b-c

Sol: (i) D_[2RsinA + 2RsinB]tan(A—;B)

~ Y 2R(sinA +sinB). tan(A > B)

:ZZR[Zsin(A . Bj'%%gj}';gé)j

“Xer[on(gJan(3 -3 ) - merlart G -eni

. 2A 2B 2B 2C . 2C . SA
=4R|| sn?2 _sn ) (sm —-—dn j (sm Z_gn“Z | |= PN
K 2 72 2 95 5 ~SN°% || =4R(0)=0-R HLS.

(ii) From Napier's formula

b-c_ A B-C b+c,_ A 1
b—COtE—tan _— 3b—tanE=T
+C 2 -c tan( ; j
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LHS = B=CqA brc A tan(B_C)+ ; .
btc 2 b-c 2 2 tan( — )
2
1+tan2(B_C) 5 2
= 5 C2: = B C " s =2cosec(B-C)=R.H.S
S I M

1+ tan? (B_C)
2

6. If C=90° then prove that ——— 2

a2 + b2
SI n(A-B)=1
7 | EAM Q|

Sol:  Given that C=90° then c2=a2+b2

2 2 2 2
|_Hs‘_"’1 +b29 N(A-B)=——sin(A-B)= 24R23” C2 sin(A —B)
a’-b 4R“(sin“ A-sin“B)

b

sin?C

= sin(A-B)=
sin?A —sin?B sm(A+B)/n(A/B//n(A/B/
sn?C _sinC.sinC sm90°/n(A/+/BT :

- =s8n90°=1
“Sn(A+B) sn(A+B) Sin(A+B)

7. Provethat (b+c) cos( B . CJ _ acos[ B . cj

b+c 2RsinB+2RsnC _snB+sinC _
a 2R sinA sinA Zsin%cos—

Sol:  Consider

= JZFC% :>(b+c)cos(B;C]=acos(B;Cj
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ADDITIONAL QUESTIONS ON
PROPERTIES OF TRIANGLES-II

1. Prove that Z(r+n) tan(%j =0

Sol: r+r1=4RsinésinEsinE+4RsinécosEcosg
2 2 2 2 2 2

= 4Rsiné[sinEsinE+ cosEcosE} = 4Rsinécos( B_Cj
2 2 2 2 2 2 2

= (r+ rﬂtan(ﬁj = 4Rsinécos(B _C)
2 2 2

B+C). (B-C , .
=4RCOS( > jsm( > j:ZR(smB—smC):b—c

B-C
Hence X(r +r)tan| —— |=X(b—-c) =b—ctc—ata-b=0
e+ tan( 25€ ) -300- 0 an

C C
2. Show that (r1+r2)tan5:(r3—r)cot5=c,

C sin—
Sol:  Consider (r1+r2)tan5 [4Rsm%cos%cos%+4Rcos—sm—}5’z/} 2

29\

. ) . C . . C
=4R[smécosE+cosAsmE}sm— =4Rsm(A+Bjs
2 2 2 2 2

n— =4Rsin(90°—9)sinE
2 2 2

C A B.C A . B cos
i l —r)cot— =| 4Rcos—cos—sin— - 4Rsin—sin— sipk—
Now consider (fr3—T) > { 5 C0ssin— 5S> }

2 .

sip—

2
=4R[cosécosE—sinésinE}cosE =4Rcos(A+B)cosE
2 2 2 2 2 2
C C . C_C [ . C c}

=4Rcos| 90°——= [cOS— = ~cos— =2R|2sin—cos— | _ ; _
( 2) 2 4RS|n20082 2 2 —ZRSII’]C—C ...... (2)

- From(1) & (2), (rp + rz)tan% =(rz—T) cot% =C.
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3. Show thati) a=(rp+15) | "L iy A=pyry [T
folg 1+
A A
. . m _ s's—a _(s—b)(s-¢)
l: = =
So (1) Consider s A A S5-2)
s—-b's-c
Now fy+1y=—2_ A:A[(s— b) + (s—¢)] :A[(Zs—b—c)] :A(a+ b+c-b-¢) _ Aa
s—-b s-c (s—b)(s—c) (s—b)(s—c) (s—b)(s-c) (s—b)(s—c)
RH,S=— 28  |(5=b)s=0) _ Aa _88_a_LHS
(s=b)(s-0)\ s(s-3a) JS(s-a)(s-h)(s-c) A

4R—r1—r2 —nr

n+r 12\/

(il) RHS=nr, \/

L+

AR —(r + 1)
=nh

5 [ n+r,=4R cos? %}

Az

A2

(s—b)(s-a)

Az

—=A=LHS

" (s-a)(s-b)

S5-0)  Jsls-a)s-b)s-0)

A
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ADDITIONAL QUESTIONS ON
PROPERTIES OF TRIANGLES-III

HEIGHTS & DISTANCES

1. Two trees A and B are on the same side of a river. From a point C in the river the
distances of the trees A and B are 250m and 300m respectively. If the angle C is 45°,

find the distance between the trees (use /2 =1.414)
Sol:  Note that triangle ABC may not be a right angled triangle.

Hence, applying cosine rule on AABC, we have

AB2 = BC2+AC2-2BC.AC cos45°

= AB2 =2502 + 3002 —-2(250)(300)cos45°

C river

1
= (25x10P+(30x10)+2(25)(10)30)(10). 5

=100(625+900—750,/2 ) = 46450.
- AB=+/46450 = 2155m

2. The upper 3/4th portion of a vertical pole subtends an angle Tan—1(3/5) at a point in
the horizontal plane through its foot and at a distance 40m from the foot. Given that
the vertical pole is at a height less than 100m from the ground, find its height.

Sol:  Let AB denote the pole of height h; BD=3h/4, AD=h/4. Also, AC=40

Given £BCD = Tan‘lg =0 =tan®O :g
Let Z/DCA = a and ZBCA =

oo P=0+a = 0=p-a h B
From ADCA, '[an(x:ﬂ:i:L 3h
AC 40 160 4
From ABCA, tmﬁ=ﬁ:£ D h
AC 40
tanp —tana h
.. tanf=tan(f-o) = ————
anf=tan(B-o) l1-tanBtana 2 N
c B¢ CN
h_h 4o Y
.3__40 160 __ 160 :>§=3_hxﬂoz:>l=ﬂ2
5 (h)(hj 6400+h? 5 160 6400+h? 5 6400+h
40 )\ 160 6400

= 6400 + h2 =200h => h2-200h+6400=0

= h2-160h—40h+6400=0 = h(h—160)—40(h—160)=0

= (h—160)(h—40)=0 = h =40 or 160

But given that, height of pole is less than 100 m .. h=40m
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3. AB is a vertical pole with B at the ground level and and A at the top. A man finds that

the angle of elevation of the point A from a certain point C on the ground is 60°. He

moves away from the pole along the line BC to a point D such that CD=7m. From D,

the angle of elevation of the point A is 45°. Find the height of the pole.
Sol:  Let AB denote the pole of height 'h'

Given CD=7 A

ZACB=60°, ZADB =45°

Let BC=x h

From AACB, tan 60° = h/x ,

. 45° ) 60
3=tax=t ) 7o B
V3
h h
From AADB, tan45°= —— =l=——=h=x+7
7+X 7+X
h 1
D=>h=—7+7> h{l——J=7
V3 3
J3-1 73 73 \/§+1 7[(@+1)
hl ——|=7=h=
3 Ja-1 V31 B+l 2

4. The angle of elevation of the top point P of the vertical tower PQ of height h from a

point A is 45° and from a point B is 60°, where B is a point at a distance 30 meters

from the point A measured along the line AB which makes an angle 30° with AQ.

Find the height of the tower.

P

Sol:  PQ is the tower of height h. A and B are the points of observation. AB=30;

ZPAQ =45° ZBAQ = 30°. Hence ZPAB =45°—-30°=15°

Let the line extension of AB meets PQ at R.

From AABP, ZPBR =60°-30°=30° . ZABP=180°-30°=150°
.. ZAPB=180—~(£PAB +ZABP)= 180°—(15°+150°)=15°

Applying sine rule on APAB;

30 AP _ 5 30xsni5° . 1 22 _ 3042

= = = - 3dX—X—m=——
sin15°  sin150° sin15° 2 J3-1 J3-1
. PQ_ 1 _PQ PA
. 8nN48=—= —=—= =—
From APAQ; PA \/* PA PQ 2

1302 30  30(3+1)  30(/3+1)
“2V3-1 B-1 (B-)(B+y 2 =153+ m
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